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—— Abstract

Differential lambda-calculus was first introduced by Thomas Ehrhard and Laurent Regnier in
2003. Despite more than 15 years of history, little work has been done on a differential calculus
with integration. In this paper, we shall propose a differential calculus with integration from a
programming point of view. We show its good correspondence with mathematics, which is manifested
by how we construct these reduction rules and how we preserve important mathematical theorems
in our calculus. Moreover, we highlight applications of the calculus in incremental computation,
automatic differentiation, and computation approximation.
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1 Introduction

Differential calculus has more than 15 years of history in computer science since the pioneer
work by Thomas Ehrhard and Laurent Regnier [9]. It is, however, not well-studied from
the perspective of programming languages; we would expect the profound connection of
differential calculus with important fields such as incremental computation, automatic
differentiation and self-adjusting computation just like how mathematical analysis connects
with mathematics. We want to understand what is the semantics of the derivative of a
program and how we can use these derivatives to write a program. That is, we wish to have
a clear description of derivatives and introduce integration to compute from operational
derivatives to the program.

The two main lines of the related work are the differential lambda-calculus [9, [8] and the
change theory [7, 4, [5]. On one hand, the differential lambda-calculus uses linear substitution
to represent the derivative of a term. For example, given a term z x x (i.e., #2), with the
% -1 to denote its derivative at 1. As

there are two alternatives to substitute 1 for z in the term x * z, it gives (1% z) 4 (x % 1)

differential lambda-calculus, we may use the term

(i.e., 2x) as the derivative (where + denotes "choice").

Despite that the differential lambda-calculus provides a concise way to analyze the
alternatives of linear substitution on a lambda term, there is a gap between analysis on terms
and computation on terms. For instance, let +' denote our usual addition operator, and +
denote the choice of linear substitution. Then we have that 8%72,9” 1=0+2z)+ (z+'1),
which is far away from the expected 1+’ 1. Moreover, it offers no method to integrate over a
derivative, say % Y.

On the other hand, the change theory gives a systematic way to define and propagate
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23:2 Analytical Differential Calculus with Integration

(transfer) changes. The main idea is to define the change of function f as Derive f, satisfying
flx ® Az) = f(x) ® (Derive f) x Awx.

where & denotes an updating operation. It reads that the change over the input = by Ax
results in the change over the result of f(z) by (Derive f) x Axz. While change theory
provides a general way to describe changes, the changes it described are differences (deltas)
instead of derivatives. It is worth noting that derivative is not the same as delta. For example,
by change theory, we can deduce that f(z) will be of the form of z *  + C if we know
(Derive f) x Az = 2% x * Az + Az * Az, but we cannot deduce this form if we just know
that its derivative is 2 * x, because change theory has no concept of integration or limits.

Although a bunch of work has been done on derivatives [9, 8] [7, [4, 20] 17, 22, 10} [1],
there is unfortunately, as far as we are aware, little work on integration. It may be natural
to ask what a derivative really means if we cannot integrate it. If there is only a mapping
from a term to its derivative without its corresponding integration, how can we operate on
derivatives with a clear understanding of what we actually have done?

In this paper, we aim at a new differential framework, having dual mapping between
derivatives and integrations. With this framework, we can manifest the power of this dual
mapping by proving, among others, three important theorems, namely the Newton-Leibniz
formula, the Chain Rule and the Taylor’s theorem.

Our key idea can be illustrated by a simple example. Suppose we have a function f map-
ping from an n-dimensional space to an m-dimensional space. Then, let = be (z1, 2, ..., 2,)7,
and f(x) be (fi(z), f2(), ..., fm(z))T. Mathematically, we can use a Jacobian matrix A to
represent its derivative, which satisfies the equation

oz, Oxa Oy,
9f2 ofa ... Of
flz + Az) — f(z) = AAx + o(Az), where A = | 921 972 Ozn
Ofm Ofm . Ofm
oxq Oxo Ox .y

However, computer programs usually describe computation over data of some structure,
rather than just scalar data or matrix. In this paper, we extend the idea and propose a new
calculus that enables us to perform differentiation and integration on data structures. Our
main contributions are summarized as follows.
To our knowledge, we have made the first attempt of designing a calculus that provides
both derivative and integral. It is an extension of the lambda-calculus with five new
operators including derivatives and integrations. We give clear semantics and typing
rules, and prove that it is sound and strongly normalizing. (Section
We prove three important theorems and highlight their practical application for incre-
mental computation, automatic differentiation, and computation approximation.

We prove the Newton-Leibniz formula: fttlz g—;|mdx = t[ta/y] © t[t1/y], which is also
known as Second Fundamental Theorem of Calculus. It shows the duality between
derivatives and integrations, and can be used for incremental computation. (Section
We prove the Chain Rule: Whl*t = ag—yﬂg t *(%hl*t). It says Va, Vo, (f(g(x))) *
xo = f'(g(x)) x ¢’'(x) * 29, and can be used for incremental computation and automatic
differentiation. (Section

We prove the Taylor’s Theorem: f ¢t = > %(f(k) to) * (t © to)*. Different from

k=0
that one of the differential lambda-calculus [9], this Taylor’s theorem manifests res-
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Terms t = ¢ constants of interpretable type
(-7 variable
| da:T.t lambda abstraction
| tt function application
| (t1,t2, .. ytn) | wt n-tuple and projection
| taot addition
| tot subtraction
| txt multiplication
| % |+ derivative
| f: t dx integration
| inlt|inrt left /right injection
|  casetof inl x1 =t |inr x9 =1t case analysis
| fizt fix point
Types T == B base type
| (T, Ts,...,Ty) product type
| T-—>T function type
| T+T sum type
Contexts I' == ( empty context
| T,z:T variable binding

Figure 1 Calculus Syntax

ults of computation instead of analysis on occurrence of terms. It can be used for
approximation of a function computation. (Section [5)

2 Calculus
In this section, we shall give a clear definition of our calculus with both derivatives and

integration. We explain important insights in our design, and prove some useful properties
and theorems that will be used later.

2.1 Syntax

Our calculus, as defined in Figure|l] is an extension of the simply-typed lambda calculus [21].

Besides the usual constant, variable, lambda abstraction, function application, and tuple, it
introduces five new operations: addition &, subtraction &, multiplication *, derivative %h
and integration f:t dx. The three binary operations, namely &, &, and *, are generalizations
of those from our mathematics. Intuitively, x & A is for updating x with change A, & for
canceling updates, and * for distributing updates. We build up terms from terms of base
types (such as R, C), and on each base type we require these operations satisfy the following
properties:

The addition and multiplication are associative and commutative, i.e., (a ®b) @ ¢ =

a®(bdc),adb=bda, (axb)xc=ax(bxc),a*xb="bxa.

The addition and the subtraction are cancellable, i.e., (a®b)©b=a and (a©b) Db = a.
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c:Tel z:Tel
= (TCoN) e E— (TVAR)
I'ke: T 'kax: T
I'kt: T 'kt T
! (TINL) & (TINR)
F"antTl-i-TQ Fl_inTtZT1+T2
Dt :T* Tk ty: T Dt :T* Tk ty: T
(TADD) (TSus)
Fktl@tgiT* Fktl@tgiT*
Dox:Ty Ft: T, Pty:Th—Ty ThEity: T
- 2 (TABS) SR 2 L (TApp)
F")\JZZTl.tZTl—)TQ F}_tltgiTQ
't: T—>T FFtliTl F,IST1Ft21T2
—_— (TFIX) P PR, (TDER)
'k fixt: T Whl'TTl
Vie[l,n,T Ft;:T; Vie[l,n], T Ft: (T, T, ... T,)
I+ (tl,tg,...,tn)i (Tl,TQ,...,Tn) I+ Uy t: 1}
(TPAIR) (TPrOJ)
Dkt : %0 Dkty: T
-~ oT 2 (TMuL)
I tl *tg: T*
Cbt;:T Thty:T Tox:TFt: 2L
! 2 or (TINT)
r+ ftftdac: T*
Tixy:Th Ft1:T Tyag:TobHty: T Tt T+ T
1 1 1 2 2 2 1 2 (TCASE)

Ik casetof inl x1 =ty | inr g =t T
Figure 2 Typing Rules
The multiplication is distributive over addition, i.e., ax (b @& c¢) =a*xb® a * c.

» Example 1 (Basic Operations on Real Numbers). For real numbers r1,r2 € R, we have the
following definitions.

rm®ry = ri+r
rLOre = 1r1—7T2
T1 % T2 = T1 T2

We use %hz to denote derivative of t; over z at point t5, and f:ft dx to denote
integration of ¢ over z from ¢ to ts.

2.2 Typing

As defined in Figure [1} we have base types (denoted by B), tuple types, function types, and
sum type. To make our later typing rules easy to understand, we introduce the following
type notations.

Type T* B base type

| (T*,T*,...,T*) product type
|

T— T

arrow type

T* means the types that are addable (i.e., updatable through @). We view the addition
between functions, tuples and base type terms as valid, which will be showed by our reduction
rules later. But here, we forbid the addition and subtraction between sum types because we
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view updates such as inl 0®inr 1 as invalid. If we want to update the change to a term of sum
types anyway, we may do case analysis such as case t of inl x1 = inl (x1 @ ...) | inr 29 =
(SL‘Q (&) )

Next, we introduce two notations for derivatives on types:

oT
B~ b

oT oTr 0T oT

Oy, Ty, o Ty) 0Ty 0T, 0T,
The first notation says that with the assumption that differences (subtraction) of values
of base types are of base types, the derivative over base types has no effect on the result
type. And, the second notation resembles partial differentiation. Note that we do not
consider derivatives on functions because even for functions on real numbers, there is no
good mathematical definition for them yet. Therefore, we do not have a type notation for
%. Besides, because we forbid the addition and subtraction between the sum types,
we will iew the differentiation of the sum types as invalid, so we do not have notations for

aT .
AT either.

Figure [2 shows the typing rules for the calculus. The typing rules for constant, variable,
lambda abstraction, function application, tuple, and projection are nothing special. The
typing rules for addition and subtraction are natural, but the rest three kinds of rules are
more interesting. Rule TMUL the typing rule for 1 xt5. If ¢ is a derivative of 17 over T5, and
to is of type Ty, then multiplication will produce a term of type T;. This may be informally
understood from our familiar equation % x* AX = AY. Rule TDER shows introduction
of the derivative type through a derivative operation, while Rule TINT cancellation of the

derivative type through an integration operation.

2.3 Semantics

We will give a two-stage semantics for the calculus. At the first stage, we assume that all
the constants (values and functions) over the base types are interpretable in the sense there
is a default well-defined interpreter to evaluate them. At the second stage, the important
part of this paper, we define a set of reduction rules and use the full reduction strategy
to compute their normal form, which enjoys good properties of soundness, confluence, and
strong normalization.

More specifically, after the full reduction of a term in our calculus, every subterm (now in
a normal form of interpretable types) outside the lambda function body will be interpretable
on base types, which will be proved in the appendix. In other words, our calculus helps to
reduce a term to a normal form which is interpretable on base types, and leave the remaining
evaluations to interpretation on base types. We will not give reduction rules to the operations
on base types because we do not want to touch on implementations of primitive functions on
base types.

For simplicity, in this paper we will assume that the important properties such as the
Newton-Leibniz formula, the Chain Rule, and the Taylor’s theorem, are satisfied by all the
primitive functions and their closures through addition, subtraction, multiplication, derivative
and integration. This assumption may seem too strong, since not all primitive functions on
base types meet this assumption. However, it would make sense to start with the primitive
functions meeting these requirements to build our system, and extend it later with other
primitive functions.
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2.4 Interpretable Types and Terms

Here, a term is interpretable means it can be directly interpreted by a base type interpreter.
We use B to denote the base type, over which its constants are interpretable. To make this
clear, we define interpretable types as follows.

» Definition 2 (Interpretable Type). Let B be base types. A type iB is interpretable if it is
generated by the following grammar:

iB = B base type
| iB — iB function type

Constants of interpretable types can be both values or primitive functions of base types.
For example, we can use sin(x), cos(x), square(z) as primitive functions in our calculus.

Next, we consider terms that are constructed from constants and variables of interpretable
types. These terms are interpretable by a default evaluator under an environment mapping
variables to constants. Formally, we define the following interpretable terms.

» Definition 3 (Interpretable Terms). A term is an interpretable if it belongs to it.

it = ¢ constants of iB
| = variable of iB
| Az :iB.it lambda abstraction
| it it function application
|  it®it addition
| iteit subtraction
| itxit multiplication
| % lit derivative

| iltt it dr  integration

2.5 Reduction Rules

Our calculus is an extension of simply-typed lambda-calculus. Our lambda abstraction and
application are nothing different from the simply-typed lambda calculus, and we have the
reduction rule:

()\(E :T. t)tl — t[tl/.T]

We use an n-tuple to model structured data and projection 7; to extract j-th component
from a tuple, and we have the following reduction rule:

ﬂlj(tl,tg, tn) — tj.
Similarly, we have reduction rules for the case analysis:
case (inl t) of inl x1 = t1 | inr o =t — t1[t/z1)

case (inr t) of inl x1 = t1 | inr xo = to — ta[t/x2]

Besides, we introduce fix-point operator to deal with recursion:

fi [ — [ (fix [)
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fo:B (EAPPDERT)

PPDER

9 2b25--05tn
w tgz - )‘to - (atl |t0> 6t2|to>‘ ) 8@ |t0)

fo:B (EAPPDER2)

- - PPDER

Ginbpinr 1) s inl Jinr 81,

to: B (EAPPDER3)

PPDER

2] :T.
%'to - /\y T |t0
Vi € [1,71], ti* = (tl,tQ...,ti_l,l’z,t1+1...,t7l)
(EAPPDERA4)
¢ Ot[t1+/x Otltas /x Ot[tns /T
Sl oty = ( [,91931/ Ls,, [312/ Uegs o [azn/ !s,.)
tl,tg :B
. y o % g (EApPINTI)
ft1 (t11,t12,...t1n) T — (j;l t11 .13,];1 t12 a:,...,ftl tln $)

t17t2 . B (EA I 2)

PPINT

f:f inl/inr t dv — inl/inr fttf t dw
tl,tg :B

(EAPPINT3)

; i
ftf Ay Totde — Ay : Th. ftf tdx
Vi€ [1,n], i = (t21-- t2i—1, Tis t1it1-- T1n)

f(ttlzll,’ttf;’ t’ltj;) tdl’ - .ftzl tl*/x})dxl @ @ ft271 TL [ n*/z])dzn
(EAPPINT4)

Figure 3 Reduction Rules for Derivative and Integration

It is worth noting that tuples, having a good correspondence in mathematics, should be
understood as structured data instead of high-dimensional vectors because there are some
operations that are different from those in mathematics. As will be seen later, there is
difference between our multiplication and matrix multiplication, and derivative and integration
on tuples of tuples has no correspondence to mathematical objects.

The core reduction rules in our calculus are summarized in Figure [3] which define three
basic cases for both reducing derivative terms and integration terms. For derivative, we use
ﬁ|,50 to denote the derivative of ¢ over x at point ¢, and we have four reduction rules:

Rule EAPPDERI is to distribute point ¢y : B into a tuple. This resembles the case in
mathematics; if we have a function f defined by f(x) = (f1(), f2(),..., fm(x))T, its
derivative will be (%, %, cey ag: ). For example, if we have a function f : R — (R, R)
defined by f(z) = (z,z * x), then its derivative will be (1,2 * x).

Rule EAPPDER? is similar to Rule EAPPDERI.

Rule EAPPDER3 is to distribute point ¢y : B into a lambda abstraction. Again this is
very natural in mathematics. For example, for function f(z) = Ay : B.z x y, then we
would have its derivative on x as \y : B.y.

Rule EAPPDERA4 is to deal with partial differentiation, similar to the Jacobian matrix in
mathematics (as shown in the introduction). For example, if we have a function that maps
a pair (z,y) to (x xx,x %y @ y), which may be written as Az : (B,B). (w12 * w12, (712 *
8(£ZZ) Iz as (2% 2,y), (0,2 1)).

oz @ maz)) then we would have its derivative

Similarly, we can define four reduction rules for integration. Rules EAPPINT1,EAPPINT2
and EAPPINT3 are simple. Rule EAPPINT4 is worth more explanation. It is designed to
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(tlla-natln) D (t21,...,t2n) — (tll @tgl,...,tln@tgn) (EAPPADDl)
Mz:T.t))®d My :T.ta) = Ax:T.(t1 ®ta]y/z]) (EAPPADD2)
(t117...7t1n) &) (t21,...,t2n) — (tll @tgl,...,tln @tzn) (EAPPSUBl)

Mx:T.t1)e My :T.t) = Ax:T.(t1 6taly/z]) (EAPPSUB2)

to: B
0 (EApPMuL1)
(tl,tg, ,tn) *tg — (tl * Lo, tg x g, ...y by * t())
to :B
(EApPMUL2)
Ax:Tt)«xtg = Az :T.(t*tg)
to :B
— — (EApPMUL3)
(inl/inr t) x tg — inl/inr (t xt)
t1 1 (f11, t12y eotin)s o (ta1, 22, ..ton
1 (tnstags otin), t2 o (t2r, toe, - tan) (EAPPMuLA)

t1xte — (t11 % t21) @ (f12 % ta2) & ... ® (L1 * ton)

Figure 4 Reduction Rules for Addition, Subtraction and Multiplication

establish the Newton-Leibniz formula
2 ot
t1 dy

when t; and to are tuples:

lodx = t[ta/y] © t[t1/y]

(t21,t22,...,t2n) ot
/ 87|3cd1‘ = t[(t21, 199, «.uy tgn)/y} © t[(tll, t12, ..y tln)/y]-
(t11,t12,-5t1n) Y

So we design the rule to have

/tzj 8t[(t21, ceny t2(j—1)7 .’E;», tl(j+1)7 ceny tln)/y] | dps — /(t217»--,t2(j1),t2j,t1(j+1),__,7t1n) ot
w; 05 =
t (

b1 az;’ 2155t (i —1)58155E1(j 1) 5o st in) Oy i
Notice that under our evaluation rules on derivative, Wj(%‘x=(x1,x2,m,:cn)) will be equal to
the derivative of ¢ to its j-th parameter x;, so the integration will lead us to the original ¢.

Finally, we discuss the reduction rules for the three new binary operations, as summarized
in Figure [l The addition @ is introduced to support the reduction rule of integration. It is
also useful in proving the theorem and constructing the formula. We can understand the
two reduction rules for addition as the addition of high-dimension vectors and functions
respectively. Similarly, we can have two reduction rules for subtraction ©. The operator * was
introduced as a powerful tool for constructing the Chain Rule and the Taylor’s theorem. The
first two reduction rules can be understood as multiplications of a scalar with a function and a
high-dimension vector respectively, while the last one can be understood as the multiplication
on matrix. For example, we have

((1,4),(2,5),(3,6)) = (7,8,9) = (50,122)
which corresponds to the following matrix multiplication.

7

L2 3) (o) _ (50
45 6)\ ) 122
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It is worth noting that while they are similar,  is different from the matrix multiplication
operation. For example, we cannot write x as an m-dimensional vector (or m * 1 matrix) in
Taylor’s theorem because no matrix A is well-performed under A * x * x, but we can write
Taylor’s Theorem easily under our framework. In the matrix representation, the number of
rows of the first matrix and the number of columns of the second matrix must be equal so
that we can perform multiplication on them. This means, we can only write case m = 1’s
Taylor’s theorem in matrices, while our version can perform for any tuples.

2.6 Normal Forms

Normal Form nf == nb normal form on iB
| (nfinf,...,nf tuple
| Az:T.t function, ¢ cannot be further reduced
| inl/inr nf injection
Normal Forms on {B nb == ¢ constants on iB
z variables on B
nb nf primitive function application

|

|

| nb®nf | nfdnb addition

| nboenf | nfenb subtraction
|

|

nb x nb multiplication
36%[) Inb derivative
| f;blbb nb dz integration

Figure 5 Normal Forms

In our calculus, base type stands in a very special position, and we may involve many
evaluations under the context of some free variables of an interpretable type. So for simplicity,
we will use full reductiorﬂ but allow free variables of interpretable types (i.e., ¢B) in our
normal form. Figure [5| defines our normal form. It basically consists of the normal forms on
interpretable types, the tuple normal form, and the function normal form.

We have an interesting result about about the normal form of a term of interpretable
terms.

» Lemma 4 (Interpretability). All the normal forms of terms of interpretable types are
interpretable terms. That is, given a term ¢ : ¢B, if ¢ is in normal form, then ¢ is an
interpretable term.

Proof. We prove that a normal form t is interpretable by induction on the form of ¢.
Case Ax : T.t. Because Ax : T.t is of type iB, T must be of type ¢B. Notice that
the function body ¢ has a free variable = of type iB. By induction, we know ¢ is an
interpretable term, therefore, Ax : Tt is interpretable.
Case (nf, nf, ..., nf). This case is impossible, because it is not of type ¢B. Using the same
technique, we can prove the cases for inl/inr nf.

1 By full reduction, we mean that a term can be reduced wherever any of its subterms can be reduced by
a reduction rule.
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Case c. It is an interpretable term itself.

Case agfl |nb2' By induction, we have both nb; and nby are interpretable terms. By
definition of interpretable term 4t, we have %5 ;7 is an interpretable term. Thus agfl ‘an

is an interpretable term. Using the same technique, we can prove the cases for nb x nb,
%Tg”nb’ and f:bb nb dx.
Case nb nf. nbis of type iB, and nb nfis of type ¢B. Thus we can deduce that nfis of type
iB. By induction both nb and nf are interpretable terms. Thus nb nf is an interpretable
term. Using the same technique, we can prove the cases for nb @ nf, nf® nb, nb©S nf, and
nfo nb.

<

2.7 Properties

Next, we prove some properties of our calculus. The proof is rather routine with some small
variations.

» Lemma 5 (Properties). This calculus has the properties of progress, preservation and
confluence. Moreover, if a term ¢ does not contain subterms fixz ¢/, then ¢ is strong
normalizable.

Proof. Full proof is in the Appendix [232529145], which is adapted from the standard
proof. <

2.8 Term Equality

We need to talk a bit more on equality because we do not consider reduction or calculation
on primitive functions. This notion of equality has little to do with our evaluation but has
a lot to do with the equality of primitive functions. Using this notion of equality, we can
compute the result from completely different calculations. This will be used in our later
proof of the three theorems.

Since we have proved the confluence property, we know that every term has at most one
normal form after reduction. Thus, we can define our equality based on their normal forms;
the equality between unnormalizable terms is undefined.

» Definition 6 (Term Equality). An open term #; is said to be equal to a term tq, if and only
if for all free variables x1, 9, ..., Z, in t; and to, for all closed and weak-normalizable term
u; whose type is the same as that of x;, we have t1[u1 /21, ..., un/xy] = to[ur /@1, ...y Un /Tp)].
A closed-term t; = to, if their normal forms n; and ny have the relation that n; = ns,
where a normal form n, is said to be equal to another normal form no, if they satisfy one of
the following rules:
(1) n1 is a of type iB, then ny has to be of the same type, and under the base type
interpretation, ny is equal to no;
(2) n1 is (t1,t2, ..., tn), then ng has to be (t],5,....,1,,), and Vj € [1,n],t; is equal to t;
(3) my is Az : T't, then ny has to be Ay : Tt (y can be x), and n; z is equal to na .
(4) ny is inl t}, then ny has to be inl t, and ¢} is equal to t).
(5) nq is inr 1, then no has to be inr t, and ¢} is equal to t5.

» Lemma 7. The equality is reflexive, transitive and symmetric for weak-normalizable terms.

Proof. Based on the equality of terms of base types, we can prove it by induction. <
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» Lemma 8. The equality is consistent, e.g., we can not prove equality between arbitrary
two terms.

Proof. Notice that except for the equality introduced by the base type interpreter, other
equality inferences all preserve the type. So for arbitrary ¢; of type (B, B) and ¢ of type B,
we can not prove equality between them. |

Next we give some lemmas that will be used later in our proof. It is relatively unimportant
to the mainline of our calculus, so we put their proofs in the Appendix.

» Lemma 9. If ¢, p*t], top*th, then tq[ta/x]p*t][th/x].
» Lemma 10. If t1 = t'l, to = tl27 then ¢ ® ty = tll @té

» Lemma 11. For a term t, for any subterm s, if the term s’=s, then t[s’/s]=t. (We only
substitute the subterm s, but not other subterms same as s)

» Lemma 12. If ¢ * (toBt3) and (¢ *to) B (t1 xt3) are weak-normalizable, then ¢ (ta B t3) =
(tl * t2) D (tl * tg).

» Lemma 13. If (t;6¢2) B (t26t3) and t; Ot3 are weak-normalizable, then (t1Sts) D (toOt3) =
t1 &ts.

3 Newton-Leibniz’'s Formula

The first important theorem we will give is the Newton-Leibniz’s formula, which ensures
the duality between derivatives and integration. This theorem lays a solid basis for our
calculus. Before giving and proving the theorem, as a warmup, let us take a look at a simple
calculation example related to derivative and integration.

» Example 14 (Calculation with Derivatives and Integrations). Consider a function f on real
numbers, usually defined in mathematics as f(z,y) = (z + y, 2 * y,y). In our calculus, it is
defined as follows.

f + RR)— (R,RR)
f = dx:(RR). (m(x) ® ma(z), m1(x) * mo(x), m2(x))

The following shows the calculation of how f (2, 3 a(j y) |-dx comes equal with f y[(2,3)/y]©
fyl(0,0)/y]

2,3) 9(
f(( ) fy)| dx
{ Rule EAPPINT3 }

fo B! ( fy)|(:r1’0) dxq @fo a2
= { Rule EAPPDER3 }

2 o 0 o] s 8 " of(2,
fo 71 ( f(xl )|w17 f(xl %)lwz dml@fo f(g:é’l%)lwl’ X x2)|:r2 )dxy

{ PrOJeCtIOH }

2 3
fO af(wl’ ‘Ildx @f 8f2$2 |12d$2

{ Functlon Application }

2 9(z}®0,z7%0,0) 3 92wy, 2xTh,Th)
Jo B o day ® o ox7) |2pdi2

gyy) |(2,x2))d$2
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{ Rule EAPPINTI }
S 500, B0 s 2o YAy @ f (B2 s T2 s 5 s )l
{ Lemma[l11] }
[2(1,0,0)day @ [2(1,2,1)das
{ Rule EAPPINTI }
(2,0,0) @ (3,6,3)
{ Rule EAPPADDI1 }
(5,6,3)

Oz} B0 Oz’ x0 82@:}02 D2%wy

For readability, we substitute the subterm (=55~ ., o7 21> By 90 |m1) and (5772 |20y ~g572 |25 3
1 2

for the same subterm (1,0,0) and (1,2, 1) during the calculatlon though our calculus does
not actually perform computation like this. These substitutions are safe to perform (Lemma
, and give a better demonstration on how the Newton-Leibniz theorem works. And Here

wmeﬁgme~w6afuammmzmmmMeMMMM

» Theorem 15 (Newton-Leibniz). Let t contain no free occurrence of z, and both ft 2 ot o lodz
and t[t2/y] © t[t1/y] are well-typed and weak-normalizable. Then we have

to

ot
8 @'xdm = t[ta/y] © t[t1/y].

Proof. If t1, ty or t is not closed, then we need to prove Vuyq, ..., u,, we have

t2 9t

( t a3y —|dx)[ur /21, ey un/xn] = (E[t2/y] © ttr/y]) [ur/z1, s tn /X0

By freezing uy, ..., un, we can apply the substitution [u /21, ..., un/z,] to make every term
closed. So, for simplicity, we will assume t, t; and to to be closed.
We prove this by induction on types.

Case: t1,t2 and t are of base types. By the confluence lemma, we know there exists the

normal form ¢, ] and t} of the term ¢, 1 and t5. Also, we know ft 2 at :,2 a—t |od

and t[ta/y] © t[t1/y] = t'[th/y] © t'[t}/y]. Since on base types we have ftP ot |x =
t[ty/y] © 11 /y], we have [\* 8| dw = t[ta/y] © t[tr/y].

Case: t1,to are of base types, ¢ is of type (11,72, ..., T,). By the confluence lemmas, there
exist a normal form (t},,ts, ..., t},,) for t. Using Rules (EAPPINT1) and (EAPPDER1),
we know
ft2 ot |xd$ — tt12 a(tuwtldgyf tlln)‘ dx
ttlz(atu |$7 82&12 |w’ " Bg’;n a:)d$
_ fttz oty Imd fttz Btu z ft12 otl, |wdl')

On the other hand, we have

tlta2/yl © tlt1/y]
= (t/ll[tQ/y]v t/12[t2/y]a B3] tlln[tQ/y]) S (tlll[tl/y]v t112[t1/y]7 ey t/ln[tl/y])
= (tlt2/y] © ta [t /Y], thalt/yl © thalts /yl, s 1, [t2/y] © B[t /y])

0,
2 ot |v)
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By induction, we have Vj € [1,7], [, 2 8t1’ ledx = t,[t2/y] © t1;[t1/y] , so we have proven
the case.

Case: t1,t2 are of base types, t is of type A — B. By Lemma [I1] we can use \z : A.t z
(for simiplicity, we use Az : A.t’ where t' =t z) to substitute for ¢, where z is a fresh
variable. Now, we have for any u,

ft2 ot |xdx _ ft2 a,\z A t’ ‘ dx)

ft2 ot’ |xd17

tz ot'| u/
b | dx

and on the other hand, since z is free in ¢; and t5, we have

(tlt2/ylotti/y]) u = ((Az: A)t/y] © (A2 At)[ta/y]) u
Az Atz /y] © ']t /y]) w

(t'[t2/y] © [t /y])[u/z]

(#'[u/2D)[t2/y] © (t'[u/z])[t1/y]

By induction (on B), we know ft2 o] ”/z ledz = (t'[u/z])[t2/y] © (t'[u/2])[t1/y], thus we
have proven the case.

Case: t1,to are of base types, t is of type 11 + T». This case is impossible because the
righthand term is not well-typed.
Case: ty,tg are of type (T1,To, ..., Tp), t is of any type T. By using the confluence lemma,
we know there exist the normal forms (], t}s, ..., t},,) and (¢, ths, ..., t5,) for t1 and 5
respectively.
Applying Rules (EAppDer3) and (EAppInt3), we have

ft2 E)t — f((t21»t22ﬁ tan) |;cd$

’
tll’t12’ tln

(8L |[(xht/u,..tlln)/x])dxl@...@
8,

t;n ( [(thy, thays ooy Tn) /2] )dy,

Notice that there is no occurrence of z in ¢, so we have

th; P
t’fj Ty (8; [( /217 /22,...,75/2(]»71) -T_]7t 1(G+1)7 " tlln)/l‘])dl‘]

to; ot
= S TGy |ty bty sy oesth ) AT
ty; (3t[t1*/y]| at[t%/y]' at[tu 1)*/?!]‘
- t' M oz 217 Oxo thyo o Oxj_1 2(] 1’
Ot[t;x /Y] Ot[t(j4+1)+/Y] Ot[tn/y] .
ol [Oh amJH ‘1(J+1) I rad WL

_ftéj at[(télthZV'-th(]' 1)1 J 1(J+1) """ 1n)/y]|
- J¢ az}

a;d;

By induction (on the case where t1, to are of type Tj, t is of type T'), we have

th; Ot[(tay st sty _1)sT5 5t 1y itin) /Y]
t; oz, |
= (bt o sty a)5 5 By e thon) 9Dty /5] ©

(t[(t21ﬂt22"“ 2(j— 1)7$]7t (J+1)>"'7t/1n)/y])[tllj/x9‘]
= (t[(th1, tho, st 1),t’2],t’1(]+1),.. t.)/y]) ©

(t[(t217t22>“' 2(j— 1)7t137t (]+1),...,t/1n)/y])

.d.’L‘j

Note that the last equation holds because x; is a fresh variable and t has no occurrence
of ..
J
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Now we have the following calculation.

1} G lade
= { all the above }
((t[(téh /127"'7t/1n)/y]) e(t[(t/llvtlua'“a lln)/y])) D
(([(t91, oo, s t1) /]) © (E(E21, Tha, s 81,) ])) B - -+ B
((t[(to1, thy, - t9,) /y]) © (E(E21, e, s £1,) /Y]))
{ Lemma [13] }
(t[( ,21’ /227"'7 én)/y]) S (t[( 111’ 112""7 /ln)/y])
{ Lemma[9] }
tlta/y S tlt1/y]

Thus we have proven the theorem. <

Application: Incremental Computation

A direct application is incrementalization [I8] [7, [[T]. Given a function f(z), if the input z is
changed by A, then we can obtain its incremental version of f(z) by f’(z,A).

f@ed)=fx)® f'(z,4)

where f’ satisfies that
THA
res= [0,

ox

» Example 16 (Averaging a Pair of Real numbers). As a simple example, consider the average
of a pair of real numbers

average :: (R,R) = R
average = Ax.(m(z) + m2(x))/2

Suppose that we want to get an incremental computation of average at x = (z1,x2) when
the first element z; is changed to x1 + d while the second component x5 is kept the same.
The incremental computation is defined by

2@(d0) Javerage(x)

Ox

inc(z,d) = average(x, (d,0)) = / lo do = g

x

which is efficient.

4  Chain Rule

The Chain Rule is another important theorem of the relation between function composition
and derivatives. This Chain Rule in our calculus has many important applications in
automatic differentiation and incremental computation. We first give an example to get some
taste, before we give and prove the theorem.

» Example 17 (chain rule). Consider two functions f and g on real numbers, usually defined
in mathematics as f(x,y) = (z + y,z x y,y) and g(z,y) = (z + y,y). In our calculus, they
are defined as follows.

f = RR)— (RRR)

P o= dw: RR).(m(z) @ ma(a), mi(2) 5 ma(2), ma(z))
g = RR)— R,R

g = Azt (RR).(m () © ma(e), ma(x))
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We demostrate that for any rq,79, 73,74 € R, we have

9f(g =) ofx ogx
Tkrz,m) * (TlaTQ) = %L} (r3,ra) * (%km,m) * (’/’1,7"2))

by the following calculation. First, for the LHS, we have:

e
G oy # (r1,7)
= { Rule EAPPDER3 }

1) , Of (¢ )
f(ga(;ill r4)) ‘Tg *7r @ f(‘]a(;z z2)) |r4 7o

= { Application }
O(x1Dra®ra,(x1®ra)*r4,74) |T3 x7r @ O(r3@zr2@x2,(r3@T2)*2,22) |r4 %

8%1 635‘2 T2
= { Lemma [T }
(1,74,0) %71 ® (2,73 B 2% 14, 1) %19
= { Rule EApPMULI and Rule EAPPADDI }
(r1 @ 2%712),ra%xr1 ® (13 B (2% 714)) *72,72)
Now, for the RHS, we calculate with the following two steps.
1]
gxw ‘(Ta,m) * (Tla rQ)
= { Rule EAPPDER3 }
PG, v @ 2 ey
= { Application }
o] , 9 )
oigrinll, v, o S oy,
= { Lemma [T1] }
(1,0) %1 & (1,1) * 7o
= { Rule EApPMUL1 and Rule EApPADDI }
(r1 @ ra,72)
0,
gzm |g (r3,ra) * (Tl D T27r2)
= { Application and Rule EAPPDER3 }
2] , 9 )
( ! g;ll = |7‘3€BT47 L (239?;4 z2) |7’4) * (7"1 @ 74277'2)
= { Application }
(B(acleBmafll*mﬂm) |r3€BT47 3(7’3®T4€B12;9(;269T4)*12,x2) lry) % (11 ® 2, 72)

= { Lemma 1] }
((1,74,0), (1, (rs ®r4),1)) * (11 D ra,ra)

= { Rule EAPPMUL4, Rule EAPPADD1 and Lemma [T1] }
(r1 @ 2%71),raxr1 ® (r3 D (2% 714)) *12,72)

» Theorem 18 (Chain Rule). Let f : Ty — T, g : T — Ti. If both ZYU2|, s ¢ and
%yykg t1) * (% |, *t) are well-typed and weak-normalizable. Then for any ¢,¢; : T, we have

af(g =)
ox

_0fy 992

le, *t oy (g t1) * (g

|t1 * t)

Proof. Like in the proof of Theorem for simplicity, we assume that f, g, t and ¢; are
closed. Furthermore, we assume that ¢ and ¢; are in normal form. We prove this by induction
on types.

23:15
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23:16  Analytical Differential Calculus with Integration

Case T, T, are base types, and T} is any type. To be well-typed, 77 must contain no —
or + type. So for simplicity, we suppose T} to be (B, B, B, ..., B) of n-tuples, but the
technique below can be applied to any T; type (such as tuples of tuples) that makes the
term well-typed.

First we notice that

gz = (m(g2),m(g 2),...,mn(g 2))
= ((A\ : B.ami(g Vb)) z, (A0 : B.ma(g b)) z,...,(AV : B, (g V') 2)
and for any j, we notice that 7;(g b’) has only one free variable of base type, so it can
be reduced to a normal form, say Ej, of base type. Let g; be A\b’ : B.Ej, then we have

g z= (gl 2,92 Z,...s0n Z)
Next, we deal with the term f:

f = Xa:T1.(f a)
= Xa:T1.(A\yr: B Aya: B, .. Ay - B.(f (Y1,Y25 -, Yn))) m1(a) ma(a)... mp(a))

and we know that (f (y1, ¥, ..., yn)) only contains base type free variables, so it can be
reduced to a base type normal form, say N, so we have

f=Xa:T.((A\y1: B.A\y2 : B.,..\y,, : B.N) m1(a) ma(a)... my(a)).

Now, we can calculate as follows:

o
fégw 2 |t1 1

_ 0Qa:T.(Ay1:B.Ay2:B.,.. A\yn:B.N) 71(a) m2(a)... mp(a)) (91 .92 Z,....gn T) |t 1
- oz
_ 0(Aw1:B.Ay2:B.,..Ayn:B.N) (g1 ) (g2 @)... (gn $)| %1

ox
_ ON[(g1 z)/y1,(92 ®)/y2,...(gn = )/yn]| wt
ox t1

0 dg
oL (g 1) * (%81 % t)
w (291 2,92 2,0 ,0n Z)|t1 xt)

% (
9y (g1 t1,92 t1,...,9n t1) Oz

x 1, —8572 2]y, i, ...,898*;2|t1*t)

of y 991 =
Ty'(m tgz thegn t) % (5 |0

O(Ay1:B.Ay2:B.,.. Ayn:B.N) m1(y) m2(y)... ﬂ'n(y)| %
- dy (91 t1,92 t1,....9n t1)

(P50 # 8, P82y %ty P52y, #)

(3N[y1/y1,92 t1/Y25e59n t1/Yn] | ON[g1 t1/y1.,92 tl/y2,--~7y£,,/yn]‘ )
oy} g1ty dy!, gn t1

T A T A L)

ON ti/y2,..., n t1/Yn
( ly1 /1,92 él/l?lﬂ In_t1/Yn] |g1 t1 *( 801 z|t1 *t)) D ..0

ON[g1 t t1/y2,.-- n 9gn
T T R G = D)

Notice that by the base type interpretation, f(g1(z), g2(z), ..., gn(x)) = f1(g1(x), g2(x), ..., gn(2))*
91(x) + f3(91(2), 92(x), ..., gn (@) * g3 (2) + .. + [1.(91(2), 92(2), ..., gn (@) * g, () where

fj’ means the derivative of f to its j-th parameter, so we get the following and prove the

case.

IN[(g1 =)/y1,(g2 r)/ya, -(gn I)/yn]| -

ON g2 t e t1/Yn 2]
— (2i/vven 4 yad dl| (BB ) 60

(Pl o g etolinl | (2 ), 5 )
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Case Ty is base type, T7 is any type, T'is A — B. We prove that for any u of type A, we
) ) 3

have (202, wet) w= (2L o)+ (22N, *1) u

First, let f' = Az : T1.(f =) u, ¢’ = g, then by induction we have

af' (g’ w)|

0 ! a !
ox tl*t: gyy|(g/ tl)*(%hl*t)

that is, we have

o x) u o u dg z
(BLlg o), ) = (2LU2| 4y * (2], + 1)

Then, we prove (Whl xt) = (W‘tl xt) u by the following calculation.
(P sty u = (PG, sy

ox
= (a: AL e o))y
0 ) u
(G 1)
Next, we prove (%—yykg t) * (%hl *x1)) u af 4 “|(g t) * (%hl x t). For simplicity,
we assume T} to be (B, B, B, ..., B) of n-tuples (the technique below can be applied to
any 77 type which makes the term well-typed).

On one hand, by substituting (g1 2,92 2, ..., gn 2) for g z, we have

(%51 1) * (%E ]+ 1) u
= 8guy‘(91 t1,92 t1,e0n t1) ¥ (3(91 Z,gzaj---,gn Z)| t1 t) u
= (s fente 1| n (% Gz, 5t) ..
2ilar “;;’jjl """ |gn t* (55 e “E, xt))

Since

flo1 t1,92 t1, s gj—1 t1, Y5, g1 t1y s Gn 1)
= )\a : Af (91 tl,gg tla-”agj—l tl,yjagj+1 tl, ey On tl) a

which will be denoted as Aa : A.t}, we continue the calculation as follows.

d d
(%l 1) * (%10 % 1) w

Ora:A.t7] F) BA At* 5
= g"/l 1|‘71t1 ()@@ 5; n|qnt1*(g Zle, %)) u
0, O0n
= Aa A(3y1|91t1*( glzltl*t))® 69( tl*( 4 Z|t1*t))
M u/a

a 8 n
Oy1 |91 t1 *( % Z|t1 *t) D .. EB |g'n t1 * (%hl *t)

On the other hand, we have

2] dg
(B2 g 1) * (%2 e, # 1)
— 9 ) 192 Z,-30n
fBZ |(91 t1,92 t1,...s9n t1) *( o Zg2aj g Z)l ty t)

_ Of (y1,92 t1,.9n t1) u gl z
B yl7 |91t1*( |ty %) © ...
Af (91 t1,92 t1,Yn) u

. Lo 01 % <g"8 2|, 1)
Aa:A.t] 9 Aa:A.t Aam
= Qe AL w) (P2, x ) @ @ ZREAII Y (D82, )

oti[u/a 1 ot*[u/a -
= (2| (2] ) @ (2R, (2 2| 1)

Therefore, we have proven the case.
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Case T is base type, T is any type, T is (11,75, ...,T,,). We need to prove that for all j,
we have 7@(%“1 xt) = Wj(%yykg t) * (%hl x1)). We may follow the proof for the
case when T has type A — B. Let f' = Az : T1.7m;(f z),¢' = g, by induction, we have

1

om; T _ Omy
Ulaa)|, ¢ — Oml W)

)
g e ¥ (5710 % 1)
The rest of the proof is similar to that for the case when T'= A — B.
Case Ty is base type, T is any type, T is 17 + T>. Notice that 77 has to be base type to
be well-typed. But either the case, the proof is similar to the case when T'= A — B.

Case Ty , Ty and T are any type. Notice that T, does not contain no — or + to be
well-typed (i.e., no derivative over function types). We have proved the case when T5 is
base type, and we assume that T5 has type (11,75, ..., T, ). Suppose the normal form of
t1 is (11,9, -, t],,) and the normal form of t is (t5,the, ..., th, ), Then

0f(g z)
A

— gz / / /
= "z ‘(t’1 gty ) ¥ (to1: 159, s tay)
_ (Bf(g (mlat127--'7tl1n,))| , of(g (tlllvt/12»--~7zn))| , )* ( / / )
- oz ISP RAN oxy, ti, 21+ ¥2n
— 6f(g (Ilvt/ 7""t/n)) / 8f(g (t/ 7t/ "“aa:7t)) /
= ( Fartnit]y H ) @ .. @ ( e e xt5,)

On the other hand, we can use Lemma [12] (i.e., t; * (t2 ® t3) = (t1 * t2) @ (t1 * t3)) to do
the following calculation.
of y‘ dg z
By l(a 1) * (S5l 1)
Y - alf Y ? 89 (T1,t10,,t1,) ’ Bg (t)1 tigsrin) ,
- Oy |(9 ty) * ((8—961 ), * tgl) D ... (T‘tin * th))
9 0, Algsestlin
= Agyy|(g ) * (%h,ﬂ wth) ® .0

1
/
. * th)

of y 9g (thy,t1p,.Tn)
o5 (g 1) * ( 2

Now by induction using f' = f,¢' = Az : Tj.g (t;,1], ...,t’l(j_l),x,t’l(ﬁl),...,t’ln), we

have
of(g (t/117t/12w-7t/1(j—1)a$jxt;(j+1)~~~vtl1n)‘ st
awj ’ ’ /tlj 2j ’ ’
— 0y (69 (tu’tlzv--»tlu—l)*zjvt1<j+1>”"t1")| r ok th)
- ay (g/ tlj) amj tlj 25

- ’ ! ’ ’ ’
of y| % (dg (tuvt12a-~~vt1<j71)7xj7t1(j+1)“-vt1n)| ,ox ! )
dy (g t1) ox; tlj 2j

Therefore by Lemma [I0} we have proven the case.
Thus we have proven the theorem. |
Application: Automatic Differentiation

The Chain Rule provides another way to compute the derivatives. There are many applications
of the chain rule, and here we give an example of how to associate it with the automatic
differentiation [10].

» Example 19 (AD). This is an example from [I0]. Let sgr and magSqr be defined as follows.

sqr : R—=R
sqra = axa
magSqr  RR)—=R

magSqr (a,b) = sqra® sqrb
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First of all, let ¢; and ¢, two pairs, then it is easy to prove that &hd = %hg @ at2 2ty

Next, we can perform automatic differentiation on magSqr by the following calculatlon

8(magSqr ) i
2 (sqr<m>@sqr<m>>| .t

a(x )
- M|m(ab) ( uh |(a7 t)@M|ﬂ-2(ab) x (
=2xax*((1,0)xt)®2xbx* ((0,1) x 1)

2220 | 0y * 1)

Now, because the theorem applies for any t of pair type, we use (1,0) and (0,1) to

substitute for ¢ respectively, and we will get %ﬁ%ka,b) = (2% a,2xb), which means
its derivative to a is 2 *x a and its derivative to b is 2 x b.

5 Taylor's Theorem

In this section, we discuss Taylor’s Theorem, which is useful to give an approximation of
a k-order differentiable function around a given point by a polynomial of degree k. In
programming, it is important and has many applications in approximation and incremental
computation. We first give an example and then we prove the theorem.

First of all, we introduce some high-order notations.

n—1,
60 o 8%7%1
axtol |t - t axtnl o = 25— lu
t % 9 = t txtl = (txty)xth!
f° = f I = (!
A :T.t) = Xx:T. %h

» Example 20 (Taylor). Consider a function f on real numbers, usually defined in mathem-
atics as f(z,y) = (2xx*y,3*x* 2+ y). In our calculus, it is defined as follows.

f =+ RR)—= (RR)
f = dx: (RR).(2x7mi(x)*ma(x),3 * m1(x) x w1 (z) ® ma(x))

The following expand the Taylor’s theorem up to 2-order derivative.

f(C1,Co) = (2xC1%xC5,3xCLxC1 Cy)
f(0,0) = (0,0)
J(0,0) x (C1,Ca) = { Application }
dem @S m@Oml) (o) « (Cr, Cy)

= { Rule EAPPDER3 }
9(2%x1%0,3%x1 %z HO) 9(2%0%xw2,3%x0x0Dx2)
(% lo, S o) * (C1,C2)

= { Lemma [11] }
((07 0)7 (07 1)) * (Cl, CQ)

= { Rule EAppPMUuL4, Rule EAPPADDI }
(07 CQ)
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f"(0,0) = { Application }
86(2*7r1(z)*‘rrg(.z‘),‘?v*ﬂl(z)*wl(z)@w2(m))|
oz x |
oz (0,0)
= { Rule EAPPDER3 }

§2@2xmy (z)*ma(@),3*my (w)*my (2)Pma(w)) l(21.0) 85(2*‘"1(I)*Wz(w),ng(M**q(ﬂ@ﬂz(l‘)) (0. 29)
o =2 o, e =22o)
= { Rule EAPPDER3 }
a( a(zxm’lxo;*/m’lm’l@o) Loy 6(2*:1:1*1/2;:(/3:1*.7:1@7:/2) lo) 8(a(z*x/l*m;:lm’l*mll@m) lo, 8(2*0*.7:%9,:70*0@36/2) les)
1 2 |O 1 2 |O)
Oz ) Oxo
= { Lemma [T1] }
9((0,6%x1),(2%x1,1)) 9((2%z2,0),(0,1))
( oz |07 Oxo |0)
= { Lemma [T }
(((0,6),(2,0)),((2,0),(0,0)))
(f" (0,0)) x (C1,C9)? = { Rule EAPPMuUL4, Rule EAPPADDI }

((2 * 02,6 * Cl), (2 * Cl, 0)) * (Cl, CQ)
= { Rule EApPMUL4 }

(2% Cy % Cp,6%xCyxCy)® (2% Cy xC,0)
= { Rule EAPPADDI }

(4% Cy % Cy,6xCp xCh)

Thus we have f (C1,C2) = (2% C1 xC2,3xCy * C1 ® Cy) = (0,0) ® (0,Cs) & (2% Cy *
C2,3%Cr+C1) = £ (0,0)® §(f" (0,0)) % (C1,C2) ® 5 ((f” (0,0)) * (C1, Cz2)) * (Cr, Ca)
» Theorem 21 (Taylor's Theorem). If both f t and kgg%(f(k) to) * (t © to)* are weak-

normalizable, then

oo

Fr=3 (5 1) s (to10)"

k=0

Proof. Like in the proof of Theorem for simplicity, we assume that f, g, t and t; are
closed. Furthermore, we assume that ¢ and ¢; are in normal form. We prove it by induction
on the typeof f: T — T".

Case T" is a base type. T must contain no — by our typing, so for simplicity, we suppose
T to be (B, B, ..., B). Using the same technique in Theorem we assume f to be

f=Xx:T.(Ax1: B.\xg: B.,..\xp, : B.N) m(z) ma(x)... ()
(denoted by f = Aa : Tty later), t to be (t11,t12, ..., t1n), and tg to be (21,2, ..., t2n),

where each t;; is a normal form of base type. Then we have

(f™ to) x (t© to)"
- %mff ltg * (E O o)™

an—ley an—ley
= (6 Han—1 I(g;;tzz-,»-»»tzn) |t21’ . 9 ggn=1 ‘g;:tzzw»:zn) ‘tZ'n.) % (t o to)n
85;,;?12 l(z1,t22, - t2n) 8;;?12 l(t21,t22, . on) n—1
= (e |ty % (11 ©t21) & ... & —2=m——52% |t * (t1n O t2n)) * (L S to)

™24y "2y

9 ° ozn—2 Iy ta2, ., t2n) ° dzn—2 l(@y b2, Zn)
( |

o e = lt2n)
— (( dxq 131:1 ET 2 |t21)*(t11 @tzl)@@
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"2, o =24,
a( oan—2 |<6T”1 t29,. ., @n) lng T\gﬂ 90, ) o) )
( z1 Dy Tn lty,,) * (t1n © tgn)) x (toto)™
n—2
86?97717;2“1”1 122, t2n)|
= (( 85:11 - ‘t21) * (tll S t21)2 D ..D
n—2
o ?91717122'5;1 t22,-..,%n) Loy
(( 5;71 |t2'n.) * (tln S t2n)) * (t11 S) tgl),
n—2
88881 t2 ‘(;lem t2n) L2
(( Oz |t21) * (tll S) t21)) * (t12 © t22) b ...e
on—24,
8 2= (11w, ) I
(( 65320,1 2 11,,) * (tin © tan)) * (t12 © t22),
an— 2t2
a W‘(@a oy em) |
(( o “Jiyy) % (t11 © t21)) * (fin O t2n) @ ..
n—2
o (’Z}gf’%l(tll t22,...,%n) I
( 85;,7 = |t2n) * (tln S t2n)2) * (t © to)niz

As seen in the above, every time we decompose a %h_“), apply Rule EAPPDERI,
and then make reduction with Rule EAPPMUL3 to lower down the exponent of (f ©
to)™. Finally, we will decompose the last derivative and get the term ¢5 in the form of
ta[thy /w1, 19 /T2, ..y 15, /2] Where Vj € [1,n],15; is either ty; or x;.
Note that on base type we assume that we have Taylor’s Theorem:

F(zo+ h) = f(o) Z%Z ) fao)

’L

where z¢ and h is an n-dimensional vector, and x;, h; is its projection to its j-th
dimension.

So we have (f*) o) * (t & to)* corresponds to the k-th addend (3> hiz2-)* f(zo).
i=1 ’

Case: T’ is function type A — B. Similar to the proof in Theorem for all u of type A,
we define f* = Az : T. f x u, and by using the inductive result on type B, we can prove
the case simiarly as that in Theorem [I8

Case: T" is a tuple type (11,75, T5,...). Just define f* = Az : T.7;(f x) to use inductive
result. The rest is simple.
Case: T is a tuple type T1 + T5. This case is impossible because the righthand is not
well-typed.

Thus we have proven the theorem. |

Application: Polynomial Approximation

Taylor’s Theorem has many applications. Here we give an example of using Taylor’s Theorem
for approximation. Suppose there is a point (1,0) in the polar coordinate system, and we
want to know where the point will be if we slightly change the radius r and the angle 6.
Since it is extremely costive to compute functions such as sin() and cos(), Taylor’s Theorem
enables us to make a fast polynomial approximation.
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» Example 22. Let function polar2catesian be defined by

polar2cartesian t (R,R) = (R,R)
polar2cartesian(r,0) = (r*cos(),r *sin(0))

We show how to expand polar2cartesian(r,6) at (1,0) up to 2nd-order derivative. Since

a(polar2cartesian(z))
ox ‘ (1,0)

_ O(m1xxCOS(max), w1 xxSIN(Ta) ‘

oz
_ (6(11 *COS(O),J,I xsin(0)) | 8(1*005(:82) 1xsin(x2)) ‘ )

Oxo
= ((1,0), (0 1)

we have

a(polar?cg;"tesmn(w)) |10y * (A7, AG) = (Ar, AB).

Again, we have

2(polar2cartesian(x
1 2 (potar g?; estan(z)) |(1,0) * (Arv A9)2 = (((070)7 (07 1))’ ((0’ 1)7 (_15 0))) * (AT‘, A9)2
= (—%AHQ, Ar x A6).

[\v]

Combining the above, we can use (1 Aro %A92, AP ArxAf) to make an approximation
to polar2cartesian(1 + Ar, Af).

6 Discussion

In this section, we makes remarks on generality of our approach, and on how to deal with
discrete derivatives in our context.

6.1 More Theorems and Applications

We keep many mathematical structures in our calculus. As a result, we can prove more
theorems under this framework. We select the most important three, but there are many
other theorems that hold in our system:

(t10t2) @ (t20t3) ® ... © (tn—1 O tn) = t1 Sty

dtl eat2 dt1 Aty

|t3 - |t3 @ |t37

ve B, a“*tzl 5= Gr Itg *talts /2] © i [ta /] * G2 e,

Vty, if ¢ contains no free z, 242 le, = t1.
Associated with each of these theorems is a bunch of applications. For lack of space, we only

discuss three theorems in detail.

Now it is natural to ask whether all the theorems on base types have correspondence
in our system. The answer is that it depends on the mathematical structure of the base
types. In our proof, we assume the commutative law and associative law of addition and
multiplication, and the distributive law of multiplication. We can construct a counterexample
under this case. Suppose there is a strange law on a base type that Va,y, x *x y = y, which is
interpreted by our system as t1 % to = to. Now let ¢; be ((r1,72), (r3,74)), and t2 be (rs5,7¢).
Then

tyrty = (ri*r5@ry*re,ro ks DTy *1g)
= (rs ®re, 75 B 16)

which does not equal to t5. This means that our system does not preserve this strange law.
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Normal Form nf = mnb interpretable forms on base type
| Az:Tit function, t can’t be further reduced
Interpretable Normal Forms nb = ¢ constants of interpretable type
nb nf primitive functions application

| nb®nf | nfdnb addition on interpretable type
| nbonf | nfEnb subtraction on interpretable type

T interpretable types variables
Agib |nf, nf derivative on base type

Figure 6 Discrete normal form

In our design of the calculus, we touch little on details of base types. So for some strange
base types, we may not be able to preserve its mathematical structure. But as for the widely
used R and C, our system preserves most of their important theorems.

It is interesting to note that it is impossible to prove these theorems using the theory of
change [7], because the theory of change does not tell difference between smooth functions
and non-continuous functions and use the same calculation for them. In our calculus, we
distribute these calculation to base types step by step, and use these calculation (such as on

base types, we have f:f %yyh = f a2 © f a1) to prove our theorems.

6.2 Discrete Derivatives

We can define discrete version of our calculus, where we represent changes as discrete deltas
instead of through derivatives and integrations. We will show the equivalence between our
discrete version and change theory [7] by implementing function Derive in our calculus.

The normal form this time is defined in Figure @ We use the term %H,t to represent
discrete derivative. This time we can easily manipulate values of base types because we
only require the operator @ and & to be well-defined. Also notice that this time we can
implement derivatives on function type.

To show that our discrete version can be used to implement the change theory [7] it
is sufficient to consider terms of base types or function types, without need to to consider
tuples and the operator * and [. We want to use our calculus to implement function Derive
which satisfies the equation (Derive f)r Az = f(z ® Az) © f(x).

For interpretation of derivatives on base types, we just require they satisfy %‘t17t2 =

t[t1 ® ta/y] ©t[t1/y]. Then similarly to Newton-Leibniz Theorem we can prove A(Afyy) lo.ne =

f (x® Az) & f x (where f does not contain free y), which is our version of function Derive.

To see this clear, in change theory, we write function Derive and the system will
automatically calculate it by using the rules:

Derive c = 0

Derive x = Azx

Derive(Ax : T.t) = MAx:T.Adx: AT. Derive(t)
Derive(s t) = Derive(s) t Derive(t)

In our calculus, one writes Agyy\LAgj, and the system will automatically calculate the
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following rules:

%;Lc,Ax = 0
%;LT),AJ) = Az
Aly:T.
L = M:T(RLn)
Az AAZ. Rhlonz) trte = ATt (b @t) ONy: Tt

Notice that the first three rules have good correspondence, while the last one is a bit different.
This is because in change theory’s definition, we have A(A - B) = A - AA — AB, while
in our calulus, we have A(A — B) = A — AB. We, fortunately, can achieve the same effect
through Newton-Leibniz Formula.

7 Related Work

Differential Calculus and The Change Theory The differential lambda-calculus [9, [§]
has been studied for computing derivatives of arbitrary higher-order programs. In the
differential lambda-calculus, derivatives are guaranteed to be linear in its argument, where
the incremental lambda-calculus does not have this restriction. Instead, it requires that the
function should be differentiable. The big difference between our calculus and differential
lambda calculus is that we perform computation on terms instead of analysis on terms.

The idea of performing incremental computation using derivatives has been studied by
Cai et al. [7], who give an account using change structures. They use this to provide a
framework for incrementally evaluating lambda calculus programs. It is shown that the work
can be enriched with recursion and fix-point computation [4]. The main difference between
our work and change theory is that we describe changes as mathematical derivatives while
the change theory describe changes as (discrete) deltas.

Incremental/Self-Adaptive Computation Paige and Koenig [20] present derivatives
for a first-order language with a fixed set of primitives for incremental computation. Blakeley
et al. [I7] apply these ideas to a class of relational queries. Koch [I5] guarantees asymptotic
speedups with a compositional query transformation and delivers huge speedups in realistic
benchmarks, though still for a first-order database language. We have proved Taylor’s
theorem in our framework, which provides us with another way to perform finite difference
on the computation.

Self-adjusting computation [2] or adaptive function programming [3] provides a dynamic
approach to incrementalization. In this approach, programs execute on the original input in
an enhanced runtime environment that tracks the dependencies between values in a dynamic
dependence graph; intermediate results are memoized. Later, changes to the input propagate
through dependency graphs from changed inputs to results, updating both intermediate and
final results; this processing is often more efficient than recomputation. Mathematically,
self-adjusting computations corresponds to differential equations (The derivative of a function
can be represented by the computational result of function), which may be a future work of
our calculus.

Automatic Differentiation Automatic differentiation [I3] is a technique that allows for
efficiently computing the derivative of arbitrary programs, and can be applied to probabilistic
modeling [16] and machine learning [6]. This technique has been successfully applied to some
higher-order languages [22] [I0]. As pointed out in [4], while some approaches have been
suggested [19] [14], a general theoretical framework for this technique is still a matter of open
research. We prove the chain rule inside our framework, which lays a foundation for our
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calculus to perform automatic differentiation. And with more theorems in our calculus, we

expect more profound applications in differential calculus.

8

Conclusion

In this paper, we propose an analytical differential calculus which is equipped with integration.

This calculus, as far as we are aware, is the first one that has well-defined integration, which

has not appeared in both differential lambda calculus and the change theory. Our calculus

enjoys many nice properties such as soundness and strong normalizing (when fix is excluded),

and has three important theorems, which have profound applications in computer science.
We believe the following directions will be important in our future work.
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A Appendix-Calculus Property

A.1 Progress

» Lemma 23 (Progress). Suppose t is a well-typed term (Allow free variables of interpretable
type B), then t is either a normal form or there is some ¢’ such that t—t'.

Proof. We prove this by induction on form of ¢.
Case c.
It is a normal form.
Case t1 @ to.
t is well-typed if and only if ¢; has the same type T with ¢5. If ¢; or ¢5 is not a normal
form, we make reductions on t; or ty. If either ¢, or t5 is nb, then t; @ t5 is a nb. For
other cases of normal forms, we have

(tll D to1,t12 D lag, ... lin @ tz")
A Tty @ (to]x/y])

(ti1, t12, - .tin) @ (t21, 22, ...t2n)
()\{E : Ttl) (&) ()\y : Ttg)

U

Case t1 © ts.
It is the same case with the t; @ ts.

Case .
Then x is an interpretable type free variable, otherwise it is not well-typed. An inter-
pretable type free variable is a normal form.

Case inl/inr t.
If ¢ is not a normal form, then we can make reduction in ¢, else this term itself is a normal
form.

Case case t of inl 1 = t1| inr x9 = ta.

To be well-typed t has to be the type of T7 + T5. If ¢ is not a normal form, then we can
make reduction in ¢, else ¢ has to be inl/inr t'. So we can make reduction to t1[t'/x;] or
tg [t//.ﬁg]

Case Az : T'.t.

It is a normal form if t can’t be further reduced.

Case t1 to.
If ¢1 is not a normal form then we make reductions on t.
If t1 is a normal form, then t; has to be Ax : T.t, or nb. For the former case we have

()\l’ : Tt)tl — t[tl/l']

For the latter case, to must be a nf, or it can make further reductions. So t; ¢ is a nb.
Case fttf tadz.
If t; or t9 is not a normal form then we can make reductions on ¢; or ts.
If both ¢; and ¢, are normal forms, then ¢; and ¢s have to be (nf, nf,..nf) or base type
to be well-typed. If it is the former case.
(t21,t22,..., ton) ta1
f( tde — f Fl(t[(l‘l,tlg,...tln)/l‘])dlj D

t11,t12,...t15) ti1

22 o (t(ta1, T2, ooy trin) f2] )y @

tiz

2 (a1, tag, oy ) /3] )dn,

tin

23:27

ICALP 2021



23:28 Analytical Differential Calculus with Integration

If it is the latter case, let us inspect t3. If ¢3 is not a normal form, then we can make
reductions on t3 (notice that we only introduce a base type free variable into t3).

If ¢3 is a normal form, and if ¢1,t5 and t3 are nb, then fttf tadz is a normal form. For
other cases of normal forms:

tl,tg :B
j;tf (tlla t19, ...tln)dx — (f:f tlldl‘, j;tf t12d$, ceny f;tf tlndl‘)

tl,tz :B
fttf Ay Totde — Ay : Ts. fttf tdx

tl,tg :B
fttlz inl/inr t dz — inl/inr f:f t dw

Case (t1,t2, ..., tn).

If t; is not a normal form, then we make reductions on ¢;. If all the ¢; are normal forms,
then t is a normal form.

Case m;(t1).

If t1 is not a normal form, then we make reductions on t;.

If ¢; is a normal form, then it has to be (nf, nf, ..., nf) to be well-typed, then we have

mi(th, ty, ...ty,) =
Case 22|,,.
If t5 is not a normal form, then we make reductions on t,.
If ¢5 is a normal form, then it has to be (¢4, ...,t,) or an nb. If it is the form case:

Vi, (t1,t2 ey tiz1, iy tig1.mey Uy )i written as tix

ot Ot[t1 /] Ot[tay /]
$|(t1,t2,m,tn) - ( dz1 |t1’ o |t27 X

Otltn«/x
Otllne /2],

If it is the latter case, if ¢; is not a normal form, then we can make reductions on t;
(notice that we only introduce a base type free variable into ¢1). If ¢; is a nb, then t is a
nb, else we have

t() :B
O(t1,ta,..stn 9 1o} Oty
%‘tg — (%‘toaﬁ‘tm"ﬂihu)
t() :B

O Ay:T.t) . ot
- |t0 — )\y : T'%ho

to :B
7‘%"%;” 4o — inl Jinr %ho
Case t * to.
If t1 or 5 is not a normal form, then we can make reductions on ¢; or t».
If both t; and to are normal forms, to has to be (t1,...,t,) or a nb. If it is the former
case, t1 has also to be (t1,...,t,), then we have

t1: (11, tiz, - tin), t2 : (t21, 22, ... ton)
t1 % to — (t11 % t21) @ (t12 * ta2) B ... B (t1p * t2n)
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If t5 is a nb, if ¢; is a nb, then t; * t5 is a nb, else we have

tg :B
Az : Tt) %t — Ax: T.(t x ta)

t() :B
(tl, to, tn) *tg — (tl * 1o, ta *x g, ...Tp * to)

to :B
(inl/inr t) x tg — inl/inr (t x tg)

Case fiz f.
Then we have fiz f — f (fiz f)

A.2 Preservation

» Lemma 24 (Preservation under substitution). If ',z : S+ ¢: T and T+ s: S, then we have
IFt[s/x]: T.

Proof. First we prove preservation under substitution.

Case c.

Then c[s/x] is ¢, therefore T' I t[s/x] :B

Case t1 P to.

Suppose I';x : S t1 &ty : T, then we have I'yz : Sty : T,ts : T, based on induction
we have I' b t1[s/x] @ to[s/x] : T, therefore T' - (t1 B ta)[s/x] : T.

Using the same techniques we can prove the case of t1 O tg, t *ta, t1 ta, Az : T.T, %hz,
fttf tsdx, (t1,ta, ..., tn), mj(t) and fiz f,inl/inr t, case t of inl 1 = t1| inr zo = to.
Case y.

If y = x then y[s/x] = s, so ' y[s/x] : T.
If y is other than x, then y[s/x] =y, so 'k y[s/z] : T.
Then we prove the preservation

» Lemma 25 (Preservation). If ¢t : T and t — ¢/, then ¢/ : T. (Allowing free variable of iB)

Case (\x : T.t)t; — t[t1/x]: Tt is straightforward by using the Lemma

Case fiz f — f (fiz f)
Suppose '+ f: A — A, then '+ fiz f: Aand T'F f (fixz f) : A, so they have the same
type.
Case ﬂj(tl,tg, tn) — tj
Suppose I' - (t1,ta, ..tn) : (Th, T2, ..., Tp), then I' - m;(¢1,¢2,..t,) : Tj and I' - ¢ : T, so
they have the same type.
Case
to :B

A(t1,ta,. st ) ) ot
Outarentnl |, -y (S|, Ota), . Oa, )

Suppose I - Mho :(Th, Ty, ..,Ty,), Then, I', x :BF t; : Tj, thenT + (%ho, %ho,..

ox
(T, T, ..,T,), so they have the same type.

Using the same technique, we can prove the case

23:29

el
) %ho) :

ICALP 2021



23:30 Analytical Differential Calculus with Integration

to :B
(tl,tg, tn) *tg — (tl * 1o, tg *x g, ...Tp * to)

tl,tg :B
j;tf (tll, tlg, ...t1n)d.13 — (f:f tlld]}, Ltlg t12d$, ceny f:f tlndl‘)

Case

toZB
O(A\y:T.
%LJ_))‘ZJ T |to

Suppose I' m‘yTt :A— B, thenT,y: AF 2 ‘to B, therefore T' F Ay : T.%\to :
A — B, so they have the same type.

%o

Using the same techniques, we can prove the case

tl,tg : B
[y Totde — My« Ty, [ tda

tQ:B
(Ax :Tt) %ty = Az T.(t % ta)

Case (t11,t12,...t1n) ® (t21,t22, ...tan) = (t11 D tor, t12 ® tag, ...tin @ top)

From I (t117t12, ...tln)@(tghtgg, ...tzn) : T, wehavel' - (tll,tlg, ---tln) : T, (tgl,tgg, ...t2n> :
T. Suppose T is (T1,T5,...,Ty), then we have T' & ty; : Tj, to; : T;. Therefore
'k tli D tgi : E So we have I' - (tll D tgl,tlg (&) t22, tln (&) fgn) : (Tl, TQ, 7Tn) =T.

Using the same techniques, we can prove the preservation of the following rules
Ax:Tt1)® Ay : Tita) = Az : Tty @ (t2]x/y])
(tll, ti9, -~-t177,) S (f,gl, too, ...tzn) — (tll St21,t19St92, ...t1n @tgn)
A :Tit1) o Ay : Tita) = Az : Tty © (t2]x/y])
and reduction for case t of inl x1 = t1] inr 3 = to.
Case
Vi, (tl, t2..., ti 15L5, ti+1 tn)is written as ti*

8tt % Otftos ot[t n*
Dty = ( a;/“u, lonfal), .., Benelal),

Let’s suppose %ktl;tm t,) has the type 2 aTv then we have I'yz : Ty -t : T. Suppose

that Tp = (T, Ty, ..., Ty,), then we have T',z; : T & t[t; /o] : T. Thus T = 2e/2l), - ST
Ot[t1s/x Otftas/x Otltn«/x

Therefore ( ttl / ]| s t[(t;@/ ]|t27..., t[gm / ]\tn) : (%7 %7"'7 (g)Ti;) = %'

Casefé?f,i:i;;i":? tde — [,* m <x1,tu,. i) /a))dar @ [} m (a1, ta, -y w0) 2] )

Let’s suppose Dz : Ty -t: 2~ and T - f(ttfll’t?;’ tfz’)‘)tdx : T. Assume that Ty =

(Tl,Tg, ...y T). Then for all j, we have Doz Ty Ft(tar, s tagj—1), Tj t1(j+1)s s tin) /2] ¢

. Thus I',z; : T, + ftQJ (t[(t21, --r taj—1)> 5, tr(j41)s s t1n) /@] )daj : T;. Therefore
r F [ (2, taa, tan) /21]) oy @ [ mo(t(tor, T2, .o t1n) [32))dTe & . &
O T (t (a1, ta2, o W) [0 Y, T
Using the same technique, we can prove the case.
t1: (t11,t12, - t1n), b2 ¢ (to1, tag, ...tan)
t1 *k tg — (t11 *ta1) @ (t12 * to2) D ... B (L1, * ton)

Therefore, we prove the preservation of the system.
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A.3 Confluence

Define a binary relation — by induction on relation on terms.

M — M

M — M',N — N’

MN-—»M N ,M&N-»M&N ,MON-—»MON ,MxN - M xN', M|, _, M,

Vj € [1,n], M; — M/
(My, My, .., M,) — (M}, M}, .., M)

M1 —» M{,Mg —» Mé,Mg —» Mé

M M} ) . ) )
fMlz Msdz — fo Midz, case My of inl x1 = M| inr xo = M3 — case MJ of inl x1 = Mj| inr xo = M}

Ml d M{,MQ —» Mé,M3 —» Mé
case inr My of inl x1 = Ma| inr xq = Mz — M{[M]/x2)

M1 — M{,MQ — Mé,Mz; - Mé
case inl My of inl 1 = M| inr xo = Mz — M}[M]/x1]

M — M’
e : T.M - Ae: T M, m;(M) — m;(M'),inl/inr M — inl/inr M

Vj € [L,n], M; — M;
7T_7'(M17M2, 7Mn) — MJ/

M — M',N — N’
(M : T.M)N — M'[N'/x]

(Mll,M12; Mln) D (Mgl, MQQ, M2n) —» (M{I D M2/1’ M]/.Z D M2/2, M]l.n D Mén)

V] S [17TL],M1J' —» M{j,MQj —» Mé]
(Mu, Mo, Mln) S) (Mgl, Mo, Mgn) —» (M{l S) M2/17 M{Q S) MQ/Q, M{n S) Mén)

M - M',N - N’
AT M)® (MNy:T.N) = Xz : T.M' & N'ly/z]

M — M',N — N’
M :TM)e My :T.N)— Xz : T.M' & N'ly/z]

Vje[l,n],M; - Mj;,N - N',N:B

O(My,Ms,..,M,
(M 6:26 n)|N_»(

oM oM, oM
T;'NU T;'NU ceey Wn‘N’)

M- M ,N-»N' N:B

ONy:T.M . oM’
oz ‘N—»)\yT e |N’
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Vj € [1,n], My — Mj, (M7, My..., M}_y,x;, M] ..., My )is written as M}, , My — Mg

9Mq oMy My, /] OMo[Mj, /x] oM, /]
e | (M1 Ma,. M) = (T s =52 g oo — 522 My,

My — M,Vj € [1,n], My; — M{j,ng = My, (Myq..., M7, 1,:Cj,M§j+1... M3, )is written as Mj,

(M21,Maz2,...,M2p)
f(M117N1127“_M1n) Mod.’L' —» f]b[ 1 MO[M{*/QT])CZQH@ @IM " Tn Mo[ ;L*/m])dxn

My — M}, My — M{, My — M} My, M : B
M, . . My 3 rs
fMl )\y : Tg.Mod.I' —» )\y : TQ. M Mod.’lf

N — N' M — M',M,N :B,Vj € [1,n], M; - M;]
I (My, My, ... My)da — ([2y, Midz, [, Mda, ..., [+, M],dz)

N—-N M-M,N:B
Az :T.M)* N — Az : T.(M'« N")

Vj € [1,n], M; — M]'-,N—»N/,N: B
(My, Ma,..Mp)*« N — (M{ « N, M)« N', ..M/ x N")

Vj S [1 n] Ml] —» M1]7M2j —» Méj
(Mlla ]\4127 Mln) k (]\4217 MQQ, Mgn) —» Mll * Mél @ M{Q * M2/2 @ @ M{n * Mén

M — M’
fix M — M' (fiz M'), fix M — fiz M’

» Lemma 26 (Preservation of —). If N: BN — N’, then N’ : B.

Proof. If we name the one-step relation of our calculus as p, and its transitive closure as p*,
then we have -»C p*. So we have Np*N’. Notice that we have the preservation property of

our calculus, thus we have N’ : B.
<

» Lemma 27 (— under substitution). M — M’, N — N’, then we have M[N/x] — M'[N’/x]
Proof. Induction on M — M’

Case M — M, make induction on the form of M.

Subcase ¢, then ¢[N/x] = ¢ = ¢[N’/x], using M — M we have M[N/z] - M[N'/z].

Subcase (t1,t2,...,t,), using induction we have ¢;[N/z] — ¢;[N’/z], Then using

Vi, M; — M! = (My, Ms,..,M,) — (M{, M}, .., M) we have M — M we have

MI[N/x] - M[N'/x].

Using the same technique, we can prove the subcase of t ® t, t ©t, t xt, Az : T.1,
ty 5ele ft tde, m(t), MQ o Mdz — sz Midz,inl/inr M, case inr M; of inl z1 =

Mg\ inr re = Ms.

Subcase variable y, if y = x then y[N/x] = N, y[N’/x] = N’, then y[N/z] — y[N'/z], if

y is not x then same as the subcase c.

The rest cases can be divided into three categories.
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Case relation based on the relation of subterms.

Subcase M N — M’ N’, using induction we have M[K/x] - M'[K'/x], N[K/x] —
N'[K'/z], using M - M' N - N' = M N — M’ N’ we have (M N)[K/z] —
(M’" N")|K'/x].

Subcases M &N — M'®N', MON — M'ON', M* N — M’ xN’, %—M
(M, My, .., M) — (M{,Mj,...M), \e ' : TM — Xz : TM' m;(M) — =;(M'),
fix M — fiz M', inl/inr M — inl/inr M': same as M N — M' N'.

Case reduction changes the structure
Subcase (M11, My, ...M1y) @& (Ma1, Maa, ...May) — (M, & M4y, M{y & My, ...M], @
M3,,), using induction we have Vi € [1,2],Vj € [1,n], M;;[K/x] - M;;[K'/z], so we
have
((My1, Mha,..Myy,) @ (May, Mag, ... Maop))[K /2] — (M{y & Mby, My & M, ..M/, &
Ms,)[K'/x].
Subcases (M1, M1, ... M1,) © (Ma1, Maa, ...May,) — (M{, © My, M{o 6 M, .. Mm
Mén), 8(M1,Ag[i,..,Mn)|N . (aé\/l : aﬂx/h\f’v“" aé\i,; N()7 a,\yazz.M| . )\y T. a |N/ /

fl\]\/;[f Ay To.Modx — My : Tg.f]cé? Mldz, f]\]}/(Ml,Mg, Myp)dr — fM, Mldx,fM, M dz, ""fl\l/\[[' M) dx),

Az : T.M)*N — Ax : T.(M'«N"), (M1, Ma,..Mp)xN — (M{*«N', MixN', ..M/ «N'),

(My1, Mya,..Myy,) % (Ma1, Mag, ..May,) — Miy x M{y ® M}y « My @ ... & M1, x M),

fix M — M’ (fiz M'): same as (My1, Mo, ...Mi,) @ (May, Mo, ...Ms,) — (M7, &

My, M{y ® M)y, ..M/, & M),).

Case reduction involves substitution

Subcase (A\x : T.M)N — M'[N’/z], by induction hypothesis, we have M[K/y] —
MK 4], NIK ] — N'[K'fy), thus ((Aa - TM)N)[K /o) = ((\a : T.ME /) N /g])
MK’ [y[([((N"[K"/y])/x), and we have M'[N"/xz][K"/y] = M'[K"/y)([(N'[K"/y]) /),
Therefore we prove the case.

SubcaseVi (M{, Mj...,.M]_ 1,x1,MH_1 , M!)is written as MZ*, SR | (My, Ma,..., M)
/37]| OMU[MZ*/GC” ] M) /33]|M,)

nk
Oxo ) oz,

( 8901
Notice that

Mo[M;,/2][K" /Y]
— MK/ [(MLIK fy) /ol
(MoK’ /yDI(M{[K" /y], MK /y], .
M [K' [yl i K [y, l+1[K’/y] - MK [y))/ ]
= (MoK JyD[(M'[K" /y])i..) /]

Using induction, we know that M;[K/y] - M/[K'/y], so we prove the case.
Subcase (Az : T.M)® (Ay: T.N) = Xz : T.M' & N'ly/z], Az : T.M)o (Ay: T.N) —
Az : T.M'© N'[y/x]: same as (A\x : TM)N — M'[N'/x)].

Subcases f(ﬁ?j’]\/[]‘ﬁi’ M]\fj;) Moydz —»fM m (MM, /z))dz1®...D [, M (MM, /x])dxy,

case inl My of inl x4 = Ms| inr xo = Mg — M4[M]/x1] ,case inr M1 of inl z1 =
M| inr zq = M3 — M3[Mj/x5] : same as Vi, (M7, My, M |, x;, M} ..., M )is writ-

11—
OMy[M OMo[M. ot[M!,
ten as ]\41/,F T |(M1,M2, M) ( ol 1*/w]| . ol 2*/x]| , i /z]‘ )

oxq Oz 27" an
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Thus we complete the proof.

<

» Lemma 28 (diamond property). For M — My, M — Mo, there exists a Ms, such that
My — Mz, My — M3

Proof. We do induction on the case of M — Mj.

Case M — M
Then we choose M3 as M.

Case M N — M’ N’

Subcase M — My as M — M
Then we choose M3 as M.

Subcase M — My as M N — M" N" @
Then we use the induction hypothesis, we have M* that M’ — M* ,M" — M* and we
have N* that N’ — N* N"” — N*, so we choose M3 as M* N*.

Subcase M — My as M = Xz : T.P, (Ax : T.P)N — P"[N"/z]. @
Then we first have that M = Az : T.P Then M’ = Mz : T.P’, so we choose M3 =
P*[N*/x].

Case M@ N - M @ N’

Subcase M —» My as M — M
Then we choose M3 as M;.

Subcase M — My as M — M" N - N"= M & N - M" & N": same as .
Subcase M — M as (Az : T.M)® Ay : T.N) = Az : T.M' & N'[y/z]

Then M — M; must be Az : T.M)@® Ay : T.N) = Az : T.M")® (A\y : T.N""), Then
we choose M3 to be Az : T.M* & N*[y/z].

Subcase M — My as (M117M12, Mln) &) (M217M22, Mgn) — (M{l D Mél,M{Q D
Mo, ..M, @& M)}, ): same as (Ax: T.M) ® (Ay : T.N) - . : T.M' & N'[y/x].

All the other cases are similar to the case of application and @, except that we may have
more subcases on these cases, but the extra subcases are all similar to 2.
<

» Lemma 29 (Confluence). One term has at most one normal form.

Proof. The relation — has the diamond property, and reduction relation p satisfy that
p C—»C p*. Also notice that —* has the diamond property, and —»*= p*, so the relation p*
has the diamond property. This is what results in the confluence. <
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A.4 Strong normalization

Here we write ~» as p*. t and t/

» Lemma 30 (existence of v). t is strongly normalisable iff there is a number v(t) which
bounds the length of every normalisation sequence beginning with ¢.

Proof. See P27 in Proofs and Types [12]. <

» Definition 31. We define a set RED7 by induction on the type T

1. For t of base type, t is reducible iff it is strongly normalisable.

2. For t of type (11,15, ...,T) , t is reducible iff Vj, m;(¢) is reducible.

3. For t of type U—V | t is reducible iff, for all reducible u of type U, t u is reducible of
type V.

4. For t of type T1 + T», t is reducible iff, case t of inl x1 = 0 | inr x2 = 0is reducible
term of base type.

» Definition 32. ¢ is neutral if ¢ is not of the form (¢1,t2,...,t,) or Az : Tt or inl/inr t

We will verify the following 3 properties by induction on types.

(CR 1) If t € REDr , then t is strongly normalisable.

(CR 2) If t € RED7r and t~t', then t’ € REDy .

(CR 3) If t is neutral, and whenever we convert a redex of ¢ we obtain a term t’¢ REDr
, then t€¢ REDp .

Case base type

(CR 1) is a tautology.

(CR 2) If t is strongly normalisable then every term ¢’ to which ¢ reduces is also.

(CR 3) A reduction path leaving ¢ must pass through one of the terms ¢’ , which are
strongly normalisable, and so is finite. In fact, it is immediate that v(t) is equal to the
greatest of the numbers v(¢') + 1, as ¢’ varies over the (one-step) conversions of ¢.

Case tuple type

(CR 1) Suppose that ¢, of type (T1,T5,...,Ty) , is reducible; then m(t) is reducible
and by induction hypothesis (CR 1) for Ty, 7 (t) is strongly normalisable. Moreover,
v(t) < v(m(t)). Since to any reduction sequence ¢, tq, ta, . . ., one can apply m1() to

construct a reduction sequence my(t), 71 (t1), 71 (t2)... (in which the 71 () is not reduced).

So v(t) is finite, and t is strongly normalisable.

(CR 2) If t ~» t/, then Vj, 7;(t) ~» m;(t’). By the induction hypothesis for type 7} on (CR
2), we have Vj,m;(t') is reducible, so t’ is reducible

(CR 3) Let t be neutral and suppose all the ¢’ one step from t are reducible. Applying a
conversion inside 7;(t), the result is a m;(¢’) , since 7;(t) cannot itself be a redex (¢ is not
a tuple), and 7;(t’) is reducible, since ¢’ is. But as m;(¢) is neutral, and all the terms one
step from 7;(t) are reducible, the induction hypothesis (CR 3) for T; ensures that m;(t)
is reducible. so t is reducible.

Case arrow type

(CR 1) If ¢ is reducible of type U — V| let = be a variable of type U;: . = And we have
v(t) <v(tz)

(CR 2) If t ~ ¢/, and t is reducible, take u reducible of type U; then ¢ u is reducible and
t u ~ t' u The induction hypothesis (CR, 2) for V gives that ¢’ u is reducible. So ¢’ is
reducible.
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(CR 3) Let t be neutral and suppose all the ¢’ one step from ¢t are reducible. Let u be a
reducible term of type U; we want to show that ¢ u is reducible. By induction hypothesis
(CR 1) for U, we know that u is strongly normalisable; so we can reason by induction on

v(u).
In one step, t u converts to
1. t u with ¢’ one step from ¢; but ¢’ is reducible, so ¢ u is.

2. t u/, with v’ one step from u. v’ is reducible by induction hypothesis(CR, 2) for U,
and v(u') < v(u); so the induction hypothesis for v’ tells us that ¢ «’ is reducible.

3. There is no other possibility, for ¢ u cannot itself be a redex (¢ is not of the form
Az T.t).
Case sum type
(CR 1) If ¢t is reducible of type T1 + T , Then we have v(t) < v(case t of inl z; =
Olinr xo = 0)
(CR 2) same as tuple type.
(CR 3) same as arrow type.

» Lemma 33. If ¢y, o, ..., t,, are reducible terms, then so is (t1,ta, ..., t,)

Proof. Because of (CR 1), we can reason by induction on v(t1) + v(t2) + ... + v(t,) to show
that m;(t1,12, ..., tn), is reducible. This term converts to

1. t;, then it is reducible.

2.(t1, oy th—1, th, tht1, .-, tn ), based on induction, it is reducible.

» Lemma 34. If for all reducible u of type U, t[u/x] is reducible, then so is Az : T't.

Proof. To show Az : T't u is reducible, we make reductions on v(u)+ v(t), Az : T.t u , which
can be reduced to

1. t[u/x], then it is reducible.

2. (Az:Tt')uwor (Ax:T.t) v, based on induction we know it is reducible.

» Lemma 35. If ¢ is reducible, then so is inl/inr t.
Proof. Same as the case Az : T't. <

» Lemma 36. If for all reducible ¢; and ¢ of type T} and T5, we have t3[t1/21] and t4[ta/z2]
are reducible, and t is reducible term of type Ty + T3, then so is case t of inl z; =
ts | inr zo = 4.

Proof. Same as the case Az : T'.t. |
» Lemma 37. If ¢; and ¢y are reducible terms of T, then so is t1 @ to.

Proof. We prove this by induction on type.

Case base type, then it can only be reduced to t] & t}, so v(t1 ® ta) = v(t1) + v(t2),
Therefore it is strongly normalisable, and thus reducible.

Case (T1,Ts, ..., T),), we make induction on v(t1) + v(ta), t1 ® ta can be reduced to.
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1.Subcase (tlh t12, ...tln) D (tgl, tog, ...tgn) — (tn D lor,t12 Btog,...01n B th). Because
t1 and 3 si reducible, then ViVy, t;; is reducible, based on induction on types, we have
V7, t1; & tgj Thus, (tu B to1,t19 D tao, ...t1, B tzn) is reducible.

2.Subcase (t] @ t2) or (t; @ t4). Based on induction, we know it is reducible.
Case A — B for all reducible term u of type A, we make induction on v(t1) 4+ v(t2) + v(u).

1. Subcase (A\x : T.t1) @ (\y : T.t2) — Az : T.t1 @ (t2[z/y]) notice that for all reducible
u of type A (t; @ ta[z/y])[u/x], notice that this term is equal to (t1[u/x] @ t2[u/y]),
because (Ax : T.t1) is a reducible term, then so is ¢1[u/x]. Because ¢1[u/z] and t2[u/y]
are reducible terms based on induction. So we have Az : T.t; & (t2[z/y])’s reducibility.

2 Subcase () @ ta) u or (t1 ®th) u or (t1 B t2) v/, based on induction we can prove
the case.

» Lemma 38. If t; and ¢; are reducible terms of T, then so is t; © t».

Proof. Same as &. |

» Lemma 39. If ¢; and ¢y are reducible terms of g% and T, then so is t1 * ts.

Proof. We prove this by induction on types.

Case T7: base type, T5: base type: same as the case of &.
Case Ty: (T1, Ty, ..., T,), To: base type: same as the case of @.
Case T1: A — B, Ty: base type: same as the case of @.

Case Tli (Tl,TQ, ...,’1—;1)7 TQI (T{,TQ/, ,T,rll)
Suppose t1 : (t11,t12,---t1n), t2 : (to1, tog, ...ta, ), we do induction on v(ty) + v(t2).

Subcase t1 xty — (t11 #%t21) D (t12 % ta2) B ... ® (t15, * t2,): Because t; and ¢y is reducible,
then so is ViVj, 1,5, based on induction on types we have Vj,t1; * ta; is reducible, then
so is (tll * t21) D (tlg * t22) D...D (tln * tzn).

Subcase t] * to or t1 * th, based on induction we know it is reducible.

<

» Lemma 40. If t; and ¢y are reducible terms of T} and T3, and for all reducible u of type
T5, we have that ¢1[u/x] is reducible then so is %hz.

Proof. we prove this by induction on types.

Case Ty: (T1,T3,...,T,,) or A — B or base type, T5:B. Same as the case t; * to.
Case Tv: (11,15, ..., Ty), To: (14,75, ...,T)), we make induction on v(t;) + v(ta).
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Subcase Vi, (t1,t2...,ti—1, Tiy Lig1..., tn)is written as ti,

%|(t1,t2,.._,t") — (m[gl;l/z] Ity at[giz/m] ltns ey St[g,;z/z] |t,,), note that t;. is reducible so
based on induction. We have that Whj is reducible. Note that this induction is

based on the hypothesis (t[t;./x])[u/ xjf is reducible for all the reducible u of type 77,
and (t[tj./x])[u/x;] = (t[(tj«[u/x;])/x]) because t has no occurrence of z;, and it is
easy to show that (¢;.[u/z;]) is a reducible term of type T5, so we finish the induction,
then we have

Btlt1n/z]|  Ot[tar /) Bt[tnr /] . .
(e e, =5t Mtas s =55 |t,,) s reducible.

ot . .
Subcase Z|;, or %hé, based on induction we have the proof.

<

» Lemma 41. If ¢1,t5 and ¢3 are reducible terms of T7, T; and T, and for all reducible u of
type Ti, we have t3[u/x] is reducible then so is j;tf tadx.

Proof. Same as the case of %L_ <

» Lemma 42. If t1,t5 and t3 are reducible terms of 77 + 15, T and T, and for all reducible
up of type T1, us of type T, we have that ta[uq/x1] and t3[us/xz2] are reducible then so is
case t1 of inl x1 = to | inr zo = t3.

Proof. Same as the case of a%|--- <

» Lemma 43. Let t be any term (not assumed to be reducible), and suppose all the free
variables of t are among x4, ..., z, of types Uy,...,U,. If uq,...,u, are reducible terms of
types Uy, ..., U, then t[uy/x1,...,u,/2,] is reducible.

Proof. By induction on t. We write t[u/x] for t[ui /a1, ..., un/zy].

1. t is @y, then t[u/z;] is reducible.
2. t is ¢, then t; has no free variable, and c itself is reducible, so it is reducible.

3. tis (t1,t,...,tn), based on induction we prove ¢;[u/x] is reducible, based on the lemma
we know it is reducible.

4. tist@®t, tot, txtinl/inr t or m;(t): same as the case (t1,12,...,t,).

5. tis Ay : T'.t, by induction we have t[u/x,v/y] is reducible, then by lemma we have
Ay : T.(t[u/z]) is reducible, so (Ay : T.t)[u/z] is reducible.

6. ¢ is %\t, case t of inl x1 = t1 | inr x9 = ty or ftt tdx: same as the case Ay : T't.
|

» Theorem 44. All terms are reducible.

Proof. For arbitrary term t, apply the Lemma @3] to t[z1/x1,...,2n/2,] and we get the
result. <

» Corollary 45. All terms are strongly normalisable.
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B Appendix-Lemmas

» Lemma 46. If t1p*t), tap*th, then t[ta/x|p*t][th/x].

Proof. Using the confluence property, it is easy to see. |
» Lemma 47. If t1 = tll, to = tIQ, then ¢ ® ty = tll @té

Proof. if t; or 3 is not closed, then we use the substitution [uj /21, ..., un/z,] to make it
closed. For simplicity of notation, we just use ¢; and ts to be the closed-term of themselves.

Based on the equality defintion, we can assume that t1, to, t], ¢, are all normal forms
and we prove this by induction on types.

Case t1 is of base type. Then t3, t] and ¢}, have to be base type to be well-typed. And
for base type normal forms, we have t1 @ to = t| @ th.
Case t; is A — B type, let’s suppose t1 : Az : T.tz, t] : Ao’ : T.th, to : Ay : Tty
th Ay Tot).
If ¢1 or ty or t} or t} ’s normal form are not Az : T.t, then we know their normal form are
all interpretable in base type, thus we have t; ® to = t] O t.
Else for all u
(tl D tg) u
= ()\(E T3 P )\y : T.t4) u
= Az : Ttz ® tafz/y]) u
= tafu/x] @ ta[u/y]
Similarly, we have (] ©t) v’ = th[u/2'] ® t)[u/y'].
And notice that because t; = t], so t1 u =] u, so ts[u/x] = t4[u/z'], based on induction
of type B, we have t3[u/x] @ t4[u/y] = th[u/z'] ® t)[u/y’], so we have proven the case.
Case t1 is of type (11,5, .., T;,). Then we suppose t1 : (t11,t12, -, t1n), £ 0 (th1, thas - t10)s
t2 . (tgl, tgg, .y tgn), t’2 . (tl21, t’22, ooy t/Zn)
Then
t1 ©ta
= (t11,t12, - t1n) @ (t21,t22, .., t2n)
= (t11 ® to1,t12 D tag, .., tin ® ton)

Similarly we have t] @ th = (t]; @ thy, t)s D thy, .., t1,, D th,), and based on induction we

have Vj,t1; @ to; = tﬁj @téj, so we have t1; Gty = ¢ P th.
Case tp is of type T1 + T5. This case is impossible because it is not well-typed.
<

» Lemma 48. For a term t, for any subterm s, if the term s’=s, then t[s’/s]=t. (We only
substitute the subterm s, but not other subterms same as s)

Proof. We prove this by induction. We first substitute for all the free variables in t. Then

t[s'/s|[ur /a1, ..y un/zy)
=tluy /@1, ooy U/ xn][ U1 /X1, ey U f 0]/ S[Ur [T e U 0]

notice that s'[uy/x1, ..., un/xn] = s[ur/x1, ..., un/T,] because 8" = s, and we just substitute
for some of the free variables in s’ and s. So we only need to prove that for a closed-term ¢,
for any subterm s, if the term s’ = s, then t[s'/s] = t.

And notice that if we choose the subterm s to be the ¢ itself, then we have t[s'/s] = ' =
s = t, And we prove the case. So we next make induction on the form of ¢.
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Case t is (t1,t2, ..., tn)
Using induction, we know t;[s’'/s] = t;, and we want to prove

(tl,tg,...,tn
= (t1[s'/s],t2[s/s], ..., tn[s"/$])

And because we have the transitive property of equality, then we just reduce both of
them to normal forms, then by definition we know they equal to each other, thus we
prove the case.

Using the same technique, we can prove the case Az : T.t and inl/int t.
Case t is ¢

Then it has no subterm except c itself, if s’ = ¢, then c[s’/c] = &', thus we prove the
case.

Using the same technique, we can prove the case x.

Case t is t1 @ to

Using induction we have t1[s'/s] = t1,t2[s'/s] = t2, and we have proven Lemma [10| that
if ty = t],to = t}, then t; Bty = t] & t,, thus we have proven the case.

Using the same technique, we can prove the case t S¢, t * t, m;(t).

Case t is tq o

We want to prove if t; = t],to = th, then t; to =t} th.

By definition we know if ¢; = ¢}, then t; t§ =t} ).

Then we have proven ¢ t; = t; to. Using confluence property, we can reduce the ¢; to
Az : A.t or a nb. If it is the former case, then we using induction we have t[t}, /x] = t[ta/x]
.Thus we have t; ti = t; to. If it is the latter case, then t5’s normal form can be is
interpretable, and on base type interpretation we have if x = a’, then f(x) = f(2’). Thus
we prove the case.

: oty
Case t is G|,

If ¢4 is base type, then we can use the techniques for how we proved the case ty * to,
If ty is of type (Th,Ts,...,Ty), we can reduce the t; and t, to the normal forms
(t1,t2,...,t,) and (¥],15,...,t,), and then we have

Vi, (tl,tQ..., ti_l,xi,ti+1...,tn)is written as ti*

ot Otltr. /]|  Ot[tar /7] Ot[tnr /]
Frl(ttatn) = (Tam— s T gar— ltar o —ga— It.)
, using induction we have t[t;../z] = t[t}, /z], then based on induction we have —at[g;f] le, =
ot[t,
[3]7;‘,/$] |¢-, Thus we have proven the case.
S

Using the same technique, we can prove the case fttf tsdz adn case t of inl 1 =
t | nr ro = to.

Thus we have proven the lemma.
<

> Lemma 49. If t1 x (t2®t3) and (t1 xt2) ® (t1 xt3) are weak-normalizable, then ¢ (ta B t3) =
(tl * tg) (o) (tl * td)

Proof. if ¢1, t2 and t3 are not closed, then we use the substitution [u1/z1,...,un/xys] to
make it closed. For simplicity of notation, we just use ¢1, t2 and t3 to be the closed-term of
themselves.

Because of the confluence and normalization property of the system, we can assume that
t1, to, t3 are all normal formss and we prove this by induction on type.
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Case:tq, to and t3 are of base type. then based on base type interpretation, we have
ty % (ta D t3) = (t1 % t2) & (t1 * t3).
Case:t; is of type A — B, ty and t3 are of base type. Suppose t; is Az : A.t.

If ¢; ’s normal form is not Ax : A.t, then we notice that t; = Az : A.t; x, use the Lemma
we know we can use Az : A.t; x to substitute for ¢;, Thus we can suppose Ax : A.t.

Then we have for all u of type A,

tq % (tg D t3) u
=(Az:At)x (ta B t3) u
=dx: At (taBt3)) u
= tlu/z] * (t2 & t3)

)
=((Mz:At)xta® (v : At)xt3) u
=AMz A(txty) DAx: At xt3)) u
= (Az: At xty) @ (txt)) u

(

= (t{u/x] x t2) ® (tu/x] * t3)

Based on induction on type B, we have t[u/x] * (t2 @ t3) = (t{u/x] * t2) B (t{u/x] * t3),
Therefore we prove the case.
Case:ty is of type (11, T, .., Ty), t2 and t3 are of base type. Suppose t1 is (t7,t5,..,t,).
Then

tq * (tg D t3)
= ( /17 /2’ "7t;74) * (t2 @t?))
= (t/l * (tg D t3)7t/2 * (tz (&) tg), ..,tfn * (tz ©® tg))

(tl * tg) D (tl * t3)
= (t),th, . 1)) *ta ® (th,th, ... 1)) x i3
= (
(

tll *tg,té *tQ,..,t/n*tQ) D (tll *t37t/2*t3,..,tln *tg)
= tll*tQEBtll*tg,té*tQEBt/Q*tg,..7t,n*t2@t;*t3)

And based on induction we have t}  (t2 © t3) = (; * t2) ® (¢ * t3), so we have
ty * (to D t3) = (t1 xta) ® (t1 * t3).
Case:tq is of type T1 + T, to and t3 are of base type: this case is not possible because
the righthand term is not well-typed.
Case:ty is of type (Th,T3,..,Ty), t2 and t3 are of type (1y,Ty,..,T),). Suppose t; :
(t’ll,t/u, ..,t/ln),tg : (t/217tl22» ..,tén) and t3 = (tél,tén, ..ﬂfén).

Then

tl * (tQ (&) t3)
= (t/llvt,u’ "7tlln) * ((télat/ﬂv "’t/Qn) D (tglvté% "’tgn))
=1y * (t5 D t51) D tho * (the D t55) O ... B, * (t5, D t3,)

And we have
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(tl k tQ) @ (tl k tg)
= (t/11>t/12a "7t,1n) * (tl217tl22’ "atIZn) @ (tlllvtlma "7t/1n) * (tglatg‘ﬂv "atén)
= ((t1y % thy) ® (thy % t51)) ® (P x tha) B (g # t53)) B o B ((th, * 15,,) D (11, # 15,,))
Based on induction we have Vj,t}; * (t5; © t3;) = ((t]; * t5;) © (t}; * t3;)), and using
Lemma [10[ ¢t = t}, ta = t}, then ¢, & to = t| & ), we prove the case.
<

» Lemma 50. If (¢, 6t2) B (t26t3) and t1 Ot3 are weak-normalizable, then (t16t) B (t2Ot3) =
t1 13

Proof. If t1, t5 or t3 is not closed, then we just substitute them to be closed. Because of
the confluence and normalization property, we can assume that t1, to and ¢3 are all normal

forms.
Then we make induction on type of ¢;.

Case base type
Then because on base type, we require that (t1 © t2) ® (t2 © t3) = t1 © t3, Thus we have
proven the case.
Case A—B

Then we need to prove that Vu, ((t1 ©t2) @ (t2 © t3))u = (t1 S t3)u.

Then we can suppose that ¢1, to and t3 are of the form Aa : A.t, if they are not, then
we use Aa : A.t; a to substitute for ¢;.

Then we have

((tl S t2) S¥) (tz S tg))u
=((Aa: Aty e ra: Ath) & (Aa: Atho a: Aty))u
=Xa: A ((th ety & (th oth))u
= ((th[u/a] © thlu/a]) ® (ty]u/a] © t3[u/a]))
=((Aa: At uoda: Athu)® (Aa: Ath uo da: Ats u))
= ((tl U@tz U) @(tg U@tg U))
And similarly we have (t1 © t3)u = (t1 ©u S t3 u).
Based on induction on type B, we have (t; u©t5 u) = ((t1 u S ta u) @ (t2 u O t3 u)).
Thus we have proven the case.
Case (Tl,TQ, ,Tn)
Let’s suppose tl to be (tn, tlg, veey tln)y tQ to be (tgl, t22, veny tgn) and t3 to be (tgl, t32, veey t3n).
Then we have
(t1ota) ® (t2 0 t3))
= (((t11 ©t21) @ (ta1 © t31)), o, ((f1n O t2n) © (t2n © t3n)))

And

(t1 ©13)
= ((t11 ©t31), ..., (t1n O t34))

Base on induction on type T;, we have (t1; © to;) @ (t2; © t3;) = (t1; ©t3;) Thus we
prove the case.
Case T + T5: This case is not possible because it is not well-typed.

Thus we have proven the theorem.
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